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Estimating sensitivities of portfolio credit risk to the underlying model parameters is an important problem
for credit risk management. In this paper, we consider performance measures that may be expressed as an
expectation of a performance function of the portfolio credit loss and derive closed-form expressions of its sen-
sitivities to the underlying parameters. Our results are applicable to both idiosyncratic and macroeconomic
parameters and to performance functions that may or may not be continuous. Based on the closed-form
expressions, we first develop an estimator for sensitivities, in a very general framework, that relies on the
kernel method for estimation. The unified estimator allows us to further derive two general forms of the
estimators by using conditioning techniques on either idiosyncratic or macroeconomic factors. We then spe-
cialize our results to develop faster estimators for three popular classes of models used for portfolio credit

risk, namely, latent variable models, Bernoulli mixture models, and doubly stochastic models.
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1. Introduction

Large financial institutions are exposed to multiple sources of credit risk. A portfolio approach
is then needed to accurately measure and manage the overall credit exposure. This need has
become especially urgent in view of the ongoing global financial crisis triggered, amongst other

reasons, by poor risk management by some of the largest financial institutions. Some of the key
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issues then include: coming up with an accurate model for measuring portfolio risk; selecting
appropriate performance measures to capture portfolio risk; and devising effective portfolio risk
hedging strategies. Computing sensitivities of the selected performance measure to underlying
parameters, is crucial to risk analysis and management and to the related risk hedging problem.
This is the issue that we address in this paper for a large class of portfolio risk performance
measures.

Accurately modeling dependence between default events is a key issue in selecting a model
for portfolio credit risk. Three types of models that are commonly used in practice are latent
variable models, Bernoulli mixture models and doubly stochastic models. In latent variable models,
default happens if a random variable (called a latent variable) falls below a certain threshold, and
the dependence between default of different firms is modeled by the dependence between their
respective latent variables. These models are motivated by the seminal firm-value work by Merton
(1974). These are used in commercial products such as J.P. Morgan’s CreditMetrics (Gupton et
al. 1997), Moody’s KMV system (Kealhofer and Bohn 2001). It can be shown that the Gaussian
copula model proposed by Li (2000), which is used commonly in pricing credit derivatives, is a
special instance of the latent variable models. In Bernoulli mixture models, default probabilities
of individual obligors depend on each other through a common set of macroeconomic factors.
Conditioned on these factors, default events are independent Bernoulli random variables. These
models are used in CreditRisk™, a product developed by Credit Suisse Financial Products (Credit-
Suisse-Financial-Products 1997). In doubly stochastic models, also known as Cox process models,
default occurs at the first jump time of a doubly stochastic process with a nonnegative intensity
process. The dependence between obligors can be captured by the dependence between the intensity
processes (see, e.g., Duffie and Singleton 1999).

Given a model of joint defaults, portfolio credit loss is a random variable denoting the sum of
losses caused by all default obligors. In many situations, to manage credit risk or to price credit
derivatives, we are interested in performance measures that can be written as expectations of some
performance functions of the credit loss. For instance, the probability that the loss is beyond a
certain threshold and the average loss when it is beyond the threshold are related to popular risk
measures such as value-at-risk and tail conditional expectation; the expected loss when it is within
a certain range (called a tranche) is the building block that defines the price of a collateralized
debt obligation (CDO), a popular credit derivative.

In a model of joint defaults, there are often many parameters. Some of them affect only indi-
vidual obligors, such as the parameters related to an obligor’s idiosyncratic risk; some affect all
obligors in the portfolio, such as the parameters related to macroeconomic factors. Any changes to

these parameters may affect the portfolio credit loss and, thus, the performance measures that we
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are interested in. An approach to characterizing the impact of parameter changes is to calculate
sensitivities, which are the first-order derivatives of the performance measures with respect to the
parameters. Sensitivities provide information on how small movements of parameters affect per-
formance measures. This information is important in risk analysis and portfolio management. For
instance, delta hedging is one of the most fundamental tools in portfolio risk management, where
deltas are the sensitivities of portfolio value with respect to underlying risk factors. In this paper,
we consider the estimation of sensitivities of portfolio credit risk with respect to different param-
eters, either idiosyncratic or macroeconomic. We focus on the three different credit risk models
mentioned earlier, namely, latent variable, Bernoulli mixture and doubly stochastic models. The
results that we develop may be applicable to a broader set of credit risk models. However, we illus-
trate the key ideas through these three popular models. Fast and accurate sensitivity estimators
for wide classes of default models can help analysts better measure and control portfolio credit
risk, which has been becoming more and more important in the wake of the current global financial
crisis.

Derivative estimation for expectations is a classic problem in Monte Carlo simulation. Besides
finite-difference approximations (see, for instance, Section 7.1 of Glasserman (2004)), there are
three main approaches in the simulation literature: perturbation analysis (PA), the likelihood
ratio/score function (LR/SF) method, and weak derivatives (WD). PA was first proposed by Ho
and Cao (1983) to study discrete-event systems. It interchanges the order of differentiation and
expectation and estimates the expectation of the pathwise derivative (see Glasserman (1991) for a
comprehensive introduction). To apply PA, however, the function inside the expectation needs to be
stochastically Lipschitz continuous with respect to the parameter of interest. This greatly limits the
applicability of PA because many functions, e.g., indicator functions, are not Lipschitz continuous.
Remedies have been proposed to solve this problem. One approach is to apply conditional Monte
Carlo method to smooth the discontinuous function. This method is known as smoothed PA (SPA,
see, for instance, Fu and Hu (1997)). Instead of differentiating the function inside the expectation
as in PA, the LR method differentiates the probability measure (see, for instance, Glynn (1987)
and Rubinstein (1989)). It does not require the function inside the expectation be continuous.
Therefore, it is generally more applicable than PA. However, LR estimators often have higher
variances compared to PA estimators when both are applicable. The WD approach dates back to
at least Pflug (1988). It is similar to the LR method, except that it represents the derivative of
the measure as the difference of two (new) measures. Then, the derivative becomes the difference
of two new expectations which can be estimated using sample means. Recently, WD approach
has been further extended to a more general differentiation approach, known as measure-valued

differentiation (see, for instance, Heidergott et al. (2010)). Like the LR method, WD approach is
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generally more applicable than PA, but often yields estimators with larger variance. Unlike PA
and LR method, additional simulations may be necessary in order to implement WD estimators.
For more comprehensive reviews of the different methods for estimating derivatives, readers are
referred to L’Ecuyer (1991) and Fu (2008).

Although most derivative estimation approaches were proposed to analyze dynamic systems,
such as queueing systems, some were also applied to financial applications. Fu and Hu (1995)
and Broadie and Glasserman (1996) are among the early works that use Monte Carlo methods
to estimate price sensitivities of financial options. The same problem has also been studied by
combining Malliavin calculus and the Monte Carlo method (see, for instance, Bernis et al. (2003)).
Chen and Glasserman (2007) showed that the Malliavin calculus approach can be viewed as a
combination of PA and LR methods. Sensitivities of risk measures, such as value-at-risk (VaR) and
conditional VaR (CVaR), have also been studied recently by Hong (2009), Hong and Liu (2009)
and Fu et al. (2009). Estimating price sensitivities for portfolio credit derivatives, which is closely
related to our work, has also been studied. Joshi and Kainth (2004) considered the nth-to-default
credit swaps under the Gaussian copula model of Li (2000). Chan and Joshi (2012) derived finite
proxy schemes, which can be viewed as a combination of pathwise method and LR method, to
study the Greeks when the payoff function may be discontinuous. Chen and Glasserman (2008)
generalized the problem and considered different types of portfolio credit derivatives. They used
both the LR method and SPA. There is some overlap between the problems we study in this
paper and those studied by Chen and Glasserman (2008). First, if we consider only idiosyncratic
parameters, their LR method is applicable to our problem. Second, if we consider only idiosyncratic
parameters with Lipschitz continuous functions, their SPA method is applicable to our problem. In
our paper, however, we consider both idiosyncratic and macroeconomic factors and performance
functions with general forms, and we focus on the use of pathwise derivatives in the estimation, and
compare our method with the LR method when applicable. In addition, it is important to note that
Chen and Glasserman (2008) also solved problems that do not fit into our framework, thus cannot
be solved by our approach. For example, they consider the default credit swaps where the payoffs
depend on the order of defaults, which cannot be written in the portfolio loss function specified
in this paper. In fact, both Joshi and Kainth (2004) and Chen and Glasserman (2008) arrived the
same pathwise estimator for the default credit swaps, where the first one uses the delta functions
and the second uses the smoothing technique. We discuss more about the difference between SPA
and our method in Section 3.4.

In this paper, we consider performance measures that can be written as the expected value of
a performance function of the portfolio credit loss, and are interested in estimating sensitivities of

the performance measures with respect to parameters of default models. We make the following
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contributions. First, we derive a closed-form expression of the sensitivities, which applies to both
idiosyncratic and macroeconomic parameters and to functions that may or may not be continuous,
and interestingly, we find that the differentiability of the performance measure does not depend
on the continuity and differentiability of the performance function. Second, we derive fast and
efficient sensitivity estimators for latent variable, Bernoulli mixture and doubly stochastic models
based on the closed-form expression, and test them through a number of numerical examples.
Third, we show that, to estimate a sensitivity, our method can be applied to provide multiple
unbiased estimators, although a-priori it is difficult to conclude which amongst them has the
smallest variance. This motivates an easy characterization of the optimal linear combination of
these estimators. Empirically, the linear weights need to be estimated and as expected we see that
the resultant estimator performs better than the individual estimators. Last but not least, we can
easily generalize our results to estimate sensitivities of VaR and CVaR when each individual loss
is a continuous random variable and some regularity conditions hold (see the e-companion EC.3
for more details).

The rest of the paper is organized as follows. In Section 2, we derive a closed-form expression
of the sensitivities. In Section 3 we emphasize our method can often yield multiple sample-mean
estimators using the conditioning techniques, which makes it attractive and natural to consider
a linear combination of the proposed estimators to obtain further improvements with almost no
additional cost. We then discuss Monte Carlo estimation of sensitivities under latent variable,
Bernoulli mixture and doubly stochastic models in Section 4. The numerical results for both our
method and LR method are reported in Section 5, followed by conclusions in Section 6. Some

lengthy discussions and extensions of related work are presented in the electronic companion.

2. General Results

Suppose that there are m obligors in a loan portfolio. We let X; denote a random variable that
determines default of obligor i. Specifically, obligor ¢ defaults if X; < 0. Note that the dependence
between any two obligors, say ¢ and j, can be modeled through the dependence between X; and
X;. In Section 4, we show that latent variable, Bernoulli mixture and doubly stochastic models of
joint default can all be incorporated into this framework. Let [; denote the loss due to the default
of obligor i. Following the literature (e.g., Chen and Glasserman (2008)), we assume that [; are
constants for all ©=1,2,...,m. However, our results can be generalized easily to situations where
l; are mutually independent and bounded random variables that are also independent of X; for all

i,7=1,2,...,m. Then, the portfolio credit loss L can be written as

m

L= le : 1{Xi<0}a

i=1
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where 1;4y is an indicator function which equals to 1 when A is true and 0 otherwise.

Let p = E[g(L)] denote the performance measure that we are interested in, where g(-) denotes
the performance function. Note that L is a discrete random variable taking values in a finite set
within [0, L]. If g(x) < oo for every z € [0, [;], then E[g(L)] < co. Many performance
measures of portfolio credit loss can be written in this form. When g(L) = L?, p is the second
moment of L. It can be used to compute the variance of L which is an important measure of
risk. When ¢(L) = 1;1~,}, p is the probability of having a large loss beyond a given threshold
y. It is also an important measure of risk, and can be used to compute the portfolio value-at-
risk. When g(L) = L - 1{1~,}, p is the average loss beyond a given threshold y. It is again an
important measure of risk, and is closely related to the concept of tail conditional expectation.
When g(L) = (L —S¢) - 1455,y — (L — Su) - 1iz>s,}, p is the expected portfolio loss in the tranche
from Sy to S,. It is used to price CDOs. When ¢(L) = L* - 1.5, for a > 1, p is ath moment of
truncated random variable and it can be used to model a utility-based shortfall risk. Note that, in
these examples, g(-) may or may not be a continuous function.

Let 6 be a parameter of the model of joint defaults, i.e., X; = X;(0) for all i=1,...,m. If 0 is
an idiosyncratic parameter, then it only affects one of the X;s. If 6 is a macroeconomic factor,
then it affects all X;. In this paper, we do not differentiate these two situations. We consider the
first situation as a special case of the second. Then, the loss L = L(#) and p(0) = E[g(L(0))] both
are functions of 6. Our goal is to estimate p’(f) through a Monte Carlo method. For the work on
estimating p itself, especially when p is a measure of credit risk, readers are referred to Artzner et
al. (1999) and Section 9 of Glasserman (2004) for a comprehensive introduction to risk measures.

We suppose that v(A) = E[X;Y € A] is absolutely continuous with respect to the Lebesgue

measure and let E[X;Y =t]| denote the associated density evaluated at ¢. Then,
E[X;YGA]:E[X-l{yEA}]:/E[X;Y:t]dt (1)
A

for any A C R, where R is the set of all real numbers. If (X,Y") has a joint density fxy(:,-), recall

that .
E[X;Y:t]:/ x fxy(z,t)de.
If Y has a density fy(-), we may write
E[X;Y =t] = fy(t) -E[X]Y =t]. (2)

Furthermore, if Y has a density fy(-) and Y is independent of X, then E[X;Y =t] = fy(t) - E[X].
In this paper, we need to use the following lemma of Hong and Liu (2010) on the sensitivity of a

probability function.



Hong, Juneja, and Luo: Sensitivity Estimates for Portfolio Credit Risk
Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2013-02-OA-017 7

LEMMA 1 (Hong and Liu 2010). Suppose that X (0) is a continuous random variable at any 6
in N(6y), an open neighborhood of 0y, it is differentiable with probability 1 (w.p.1) at any 0 € N (6,),
and there ezists a random variable K with E[K] < oo such that | X (0y + A0) — X (0)] < K - |AG]
for any A6 that is close enough to 0. Let ¥(0,t) =E[X'(0); X (0) =t]|. If ¥(0,t) is continuous at
(00,0), then

d% Pr{X(0) < 0} = —E [X(6): X (60) = 0] .

Given Lemma 1, we can prove the following corollary, which may be viewed as an extension or

generalization of the lemma.

COROLLARY 1. Suppose that, for any i =1,...,k, X;(0) is differentiable w.p.1 at any 0 €
N (6y), and there exists a random variable IC; with E[K;] < oo such that | X;(6p + Af) — X;(6y)] <
IC; - |A8] for any A6 that is close enough to 0. We further suppose that X;(0) are continu-
ous random wvariables such that Pr{X;(0) = X;(0)} =0 at any fized 0 € N(0y). Let ¢;(0,t) =
E | X[(0) Hf:L#i 1ix;0)<ty; Xi(0) :t]. If i(0,t),i=1,...,k, are continuous at (0y,0), then

K2

d k k / k
@ E [H 1{Xi(60)<0}] = —Z E [Xi(OO) H 1{Xj(90)<0}5Xi(90) =0.
i=1 i=1

J=1,j#i
The proof of Corollary 1 is available in the e-companion EC.1. We are ready to present the main

result of this paper.

THEOREM 1. Let p(0) = E[g(L)], where g(-) is a general R-valued function and L =73"." 1; -
1ix,<0y with constant l; and random variables X;, i =1,2,...,m. Let © be an open subset of R.
Suppose that, for any 0 €© and anyi=1,...,m,

1. X;(0) is differentiable w.p.1 and there exists a random variable K;, which may depend on 0,
such that E[K;] < oo and | X;(0+ Af) — X;(0)] <K, - |A0] when |Af)| is close enough to zero;

2. X;(0) is a continuous random variable and Pr{X;(0) = X;(8)} =0 for all j #1i;

3. ¥;(0,y) is continuous at (0,0) for any a; =0 or 1, where

¥i(0,y) =E | X;(6) H 1{(—1)“ij<y}§Xz':y .

j=1.j#i

Then, for any 0 € ©,

where L_; = Z;-nzl,#i li-1(x; <oy
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REMARK 1. Note that the conditions in Theorem 1 are essentially used to ensure that Corollary
1 can be applied to derive Equation (6). In Sections 3-4, we show that these conditions can be
verified easily and are typically satisfied by latent variable, Bernoulli mixture and doubly stochastic
models.

The proof of Theorem 1 is deferred to the end of this section. It is interesting to see that the
conclusion of Theorem 1 does not depend on the continuity and differentiability of g(-). This differs
from most of the PA literature, which often requires the performance function be differentiable
almost surely and Lipschitz continuous. Although the result is counter-intuitive, it can be explained
by Equation (5) as later shown in the proof, which implies that the value of g(L) is no longer
affected by 6 once the values of all indicator functions are given.

Equation (3) provides a sample-mean estimator with the n~1/2 rate of convergence. By analyzing
the structures of different default models in Sections 3—4, we can transform the conditional expec-
tations in Equation (3) to regular expectations, which yields multiple sample-mean estimators. We
show that, in Sections 3—4, this task can be done quite easily based on the conclusion of Theorem
1 for latent variable models, Bernoulli mixture models and doubly stochastic models.

From Equation (3), it is clear that the computational complexity of p’(6) for this general form
depends on whether the parameter @ is idiosyncratic or macroeconomic. If 6 is an idiosyncratic

parameter with respect to a particular obligor 7, then p’(#) in Equation (3) can be simplified to
P(0)=—E{[g(L_;i+1;)—g(L_)]- X](0); X; =0},

which may reduce the complexity. Moreover, the computational complexity of p’(#) also depends
on that for computing X; and X/(6) in Equation (3), whose closed-form expressions are model-
dependent. Therefore, we discuss more about this issue with respect to different models studied
in Sections 3 and 4. Readers may be referred to Homescu (2011) for a comprehensive survey on
computational complexity of sensitivity measures.

Given the closed form of Equation (3), we can use a kernel estimator to estimate p’(f) as in

Hong and Liu (2010). By Equation (1), we have
1
E[X;Y =0~ -E (X 1 scvesy] -

If we have an independent and identically distributed (i.i.d.) sample of (X;, X/(f)), denoted as
{(Xi1, X7 4), -+, (Xim, X7 )}, then by Equation (3), we can estimate p'(6) by

— 1

pl(e) = _2n5 Z Z [g (Lfi,j + ll) - g (Lfl,])] . X;,J : 1{*5n<Xi7j<6n}’ (4)

j=1 i=1

where L_; ; = ZT:LS# ls+1x, ;<0y- By Hong and Liu (2010), we can easily show that, under some

mild conditions, p’(f) is a consistent estimator of p/(6) if 6, — 0 and nd,, — oo as n — oo, and
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V2né, [p/’@ —p (9)} converges in distribution to a normal distribution if nd] — ¢ for some constant
¢ >0, and the optimal rate of convergence of p/’(e\) is n~=2/°. For instance, we can choose §,, =n~/°
to achieve the optimal rate of convergence. Interested readers may be referred to Hong and Liu
(2010) for more discussion on the kernel method.

The kernel estimator has two advantages. First, it is applicable to a wide class of default models.
As shown in Section 4, the conclusion of Theorem 1 holds for latent variable models, Bernoulli
mixture models and doubly stochastic models, and therefore, the kernel estimator can be applied
to them. Even for models that are not discussed in our paper, the kernel estimator may still be
applicable. Second, the kernel estimator is generally easy to use. It requires only the samples of
(X:, X[(0)),i=1,...,m. It does not require the users to analyze the structures of underlying default
models to derive different estimators.

However, the kernel estimator of Equation (4) has a slower rate of convergence, (nd,)~'/2, than
the n=1/2 of typical Monte Carlo estimators, because the expectations in Equation (3) depend on
the occurrence of probability zero events {X; =0}, i=1,...,m.

In Section 5, we compare our method with kernel method as well as the LR method. For con-
venience, we derive a general formula of the LR estimator for the performance measure function
considered in this paper. Recall that p(6) = E[g(L(0))]. Suppose 6 can be written as a distributional

parameter. Then,

p(0)= [ 9lL)- 7o 0
where f(y,0) is the density function which also involves the parameter 6. Then,

v )= [ o) L sy, 000 = Blo(r) - sE],

where SF = Llog (f(-,0)) ‘9:90’

One straightforward advantage of LR estimator is that it takes a very simple closed-form expres-
sion and may be easily obtained when LR method is applicable (e.g., # can be written into some
density function as a distributional parameter). However, when 6 is a structural parameter rather
than a distributional parameter, we may need the assumption that g (L(#)) is differentiable w.p.1,
which may not hold in this paper. Rubinstein (1992) developed so-called “push-out” method to
handle this difficulty. Readers may refer to Asmussen and Glynn (2007) for a detailed discussion
about LR method.

We now prove Theorem 1.

Proof of Theorem 1. In the following analysis we suppress the dependence of X; on 6 at places

for presentation convenience. To analyze p'(0), we view 1{x,<o} as a Bernoulli random variable
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and consider all combinations of 1yx,<oy, i=1,...,m. Let B, = 1;x,<0y and B = (By,...,B,,).
Because B; € {0, 1}, B takes value from .’(m) = {0, 1} with totally 2™ elements. For each element
s€ . (m), we let s' denote the set of obligors whose B; =1 and s° denote the set of obligors whose

B, =0. For instance, for s =(1,0,1,0) € (4), s ={1,3} and s* ={2,4}. Note that

Lip—a = [ [ Lixicor [] Tixizor-

i€st i€s0
Then,
p(0) =E[g(L)] = Z E !g <Z Li - ]—{Xi<0}> '1{B=s}]
s€S(m) i=1
SPORT)S R} sy () o
sESL(m) iesl i€sl i€sY
Note that when [; are random variables that are independent of X for all 7,5 =1,2,...,m, Equation

(5) can be written as,

p(0) = Z E{E [9 <Z i - 1{Xi<0}> Lp=gy|li, 1= 1,2,...,m] }
s€.S(m) i=1
= Z E [g (le> -E [H 1{X'L<O} H 1{X120}] .
s€S(m) i€sl i€sl i€s0

The conditional expectation techniques can be applied throughout the following derivations. To
simplify the presentation, however, we assume that [; are constants for all i =1, 2,...,m throughout
Sections 2-5. Under the conditions in Theorem 1, we can apply Corollary 1 to Equation (5) and

have

d
p'(0) = Z g (Zh) 20 E [H 1ix;0)<0y H 1{Xi(0)>0}]

s€S(m) i€sl icsl i€s0
= 3 o[]S B 50 T 10 T 0550
s€F(m) icst icsl jesl j#i jeso

= > EX0) ] 1ix,<or ] Lix,200: Xi=0] 5. (6)

i€s0 jest jesY j#i
By Equation (6), it is clear that we can write p'(6) =" | ¥;, where ¥; = E[A, - X/(0); X; = 0]

for some A;. Without loss of generality, we consider ¥,,. Note that

Z(m) =L (m—1) x{1}] U [(m —1) x{0}],
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where B,, =1 in the first set and B,, =0 in the second set. Then, by Equation (6), we have

v, =— Z g (Zh) B X,(0) H 1(x;0)<0} H 1ix;0)>01: Xm =0
)x{1} I

s€S(m—1 iest jesl,j£m jes i

+ > 9 <Z lz-) ENXL0) [ 1< TT 1oz Xa=0
{0}

s€S(m—1 i€st jest jesY j£m

X Hze)()

x E X0 ] tixy0<0 [ ] Lixs@205 Xm =01,

jest jes0

where s has m elements in the first equation and s has m — 1 elements in the second equation.

Recall the definitions of s' and s” for .#(m — 1). Then, by an analog to Equation (5), we have

v 3 w{lo(Suen) o (o) | 00 5 -0]

s€S(m—1) icsl icsl
m—1 m—1

= —E{ g (Z I+ 1ix; <0} +lm) —g <Z ;- 1{Xj<0})] X! (6); X, _o} :
j=1 j=1

To simplify the notation, we let

L_;= Z li-1ix, <0y

J=1.j#i

for all i =1,...,m, which is the portfolio loss without obligor . Then,

By the symmetry of m and any i =1,...,m —1 and by Equation (6), we have

p'(0)= _Z E{lg(L_i+1;) —g(L_)]- X;(0); X; =0}.

Therefore, we conclude the proof of Theorem 1.

REMARK 2. In the proof, we first transform the regular summation term into a combinatorial
form, which facilitates interchanging the order between the differential operator and summation.
Moreover, the final expression is written back in a regular summation form rather than a combi-

natorial one, which can reduce the computational complexity significantly.
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3. Multiple Estimators and Optimal Linear Combination
In this section, we demonstrate the advantages of Equation (3) which for many practically impor-
tant models yields multiple sample-mean estimators. Among these estimators, it may be difficult
to identify the best one in advance. This then motivates us to consider an optimal linear combina-
tion of these estimators. The weights of this estimator are empirically estimated leading to some
estimation bias. However, we note that the resultant estimator is often more efficient and always
at least as good as the the best one. In this section we also compare and contrast the proposed
method to the SPA (smoothed perturbation analysis) method.

We first provide a general framework of developing estimators for p’(6) by applying conditioning

techniques on both idiosyncratic and macroeconomic factors.

3.1. Conditioning on idiosyncratic factors

Let ¢; be an idiosyncratic factor that affects only obligor ¢ and is not a function of 6, and let Y;
denote a random variable that characterizes all other random factors of obligor i. Note that ¢;
and Y, are independent of each other, and T; = T;(f) is a function of §. The default condition of
obligor i is defined as {e; < T;}. Suppose we write X;(6) =¢; —Y,;(0). Then, X/(0) = —Y’(6), and
obligor i defaults if X; < 0. Let f.,(-) denote the pdf of ¢;. To ensure Conditions 1-3 of Theorem 1
hold, we require the following conditions on ¢; and Y.

(al). Y;(0) is continuously differentiable w.p.1 and there exists a random variable K;, which may
depend on 0, such that E[K;] < oo and |T;(0 4+ A0) —Y,;(0)| < K;|AO| when |Af)| is close enough to
zero;

(a2). Y;(0) is a continuous random variable;

(a3). fe,(-) is continuous a.s. and there exists a constant B; >0 such that f..(-) is bounded from
above by B,.

Then by Theorem 1, Equation (3) can be further derived as

p'(0) = _Z E{lg(L_i+1;)—g(L_y)]- X[(0); X; =0}
=Y E{lg(L_i+1)—g(L_)]-Ti60); & =T1}
=Y E{lg(L_i+1:) =g (L_3)]- T5(0) - fo, (i)} (7)

Verification of Conditions (al)—(a3) is shown in the e-companion EC.1.

3.2. Conditioning on macroeconomic factors
Unless explicitly stated, 6 refers to a macroeconomic parameter in this section. Let A be a common

random factor (e.g., a macroeconomic factor) that affects all obligors and is not a function of 6,
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and let B denote a vector that includes all random variables in the system other than A. Note
that B = B(0) is a function of 6. Suppose that we may write X;(0) = A — f3;, where §; = 3;(B)
is a function of B and, thus, also a function of #. For presentation convenience we suppress the
dependence of X; and 5 on 6 at places where there is no ambiguity. Then, X; = A — 3; and
X[(0) = —p(0). Note that A= ; when X; =0. Then, X, = 5, — 8; and the obligor j defaults if
Bi < B;. This motivates us to define £_, =>"" lj-1g,<p,3- Then,

j=1,4#i "

p'(0) = —Z E{lg (L—i+1) — g (L-i)]- Xi(0); X; =0}

I
AMS

s
Il
—

E{lg(L_i+1;) —g(L)]-Bi(0); A= Bi}

|
AMS

@
I
-

E{E{[g(L-i+1:) —g (L) Bi(0); A= i | B}}

E{lg(L_i+1:)—g(L))] B;(0) -E[1; A= ;| B]}

I
AMS

@
Il
-

E{[g (Li+1l)—g(Ly)]-Bi(0)- fA|B(5¢)} ) (8)

I
AMS

i=1

where fap(-) is the conditional density of A conditioned on B. Furthermore, if A and B are

mutually independent, then
p'(0)= Z E{lg(L_i+1;)—g(L)]-Bi(0) fa(Bi)}-

The difference between L_; in Equation (7) and £_; in Equation (8) may lead to different
computational complexities of p’(#). For each i, computing L_; is in the same order, O(m), as
computing £_;. Then, the complexity of p’(f) become O(m?). However, because L_; = L—1;1{x,<0},
the complexity of computing L_; can be reduced to O(1) if L is computed in advance, and that of
p'(0) using Equation (7) can be reduced to O(m). On the other hand, we cannot apply this trick
to L£_;; but we may first sort 8y, 3a,. .., 3 to achieve the order of O(mlog(m)) as computing p’(9)
using Equation (8). This finding suggests that conditioning on idiosyncratic factors (yielding L _;)
may provide better estimators compared with conditioning on macroeconomic factors (yielding
L_;), in terms of the computational complexity. When estimating sensitivities with respect to
an idiosyncratic parameter, the computational complexities of different estimators obtained by
conditioning on various random variables seems in the same order, O(m). In fact, it appears difficult
to identify which estimator is the best one, which could be model-dependent, and this motivates

us to consider a linear combination of all available estimators.
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3.3. Optimal Combination of Multiple Estimators

As mentioned earlier, the proposed method can often provide multiple sample-mean estimators, but
we may not be able to identify in advance which one of them is the best in terms of a low variance.
This motivates developing an optimal minimum variance linear combination of these estimators.

Let {v, = (vies---,7e), € =1,2,...,n} denote an i.i.d. sample of v = (7y,...,7). For each ¢,

Yies - - - Ve are computed from the same simulation run, thus they are mutually dependent. Setting
¥i= =3, Ve, then 4 = (31,..., %)  are k mutually dependent unbiased sample-mean estimators
of 7. Let w = (wy,...,wy)" be a vector of weights and 4 = w’4. For any constant weight vector w,

7 is an unbiased estimator of v if w'l =1, where 1 is a k-dimension vector with all elements being
1. Our goal is to select a w that minimizes the variance of 4.

Let X denote the covariance matrix of 4. We assume that ¥ is positive-definite, i.e., none of the
k estimator 7q,...,%, can be written as a linear combination of the other £ — 1 estimators. Then
Var () = Var (w'5) = w'Sw. Therefore, we want to find a w that solves the following optimization
problem:

minimize w'Xw subject to w'1=1. 9)

By using the Lagrange relaxation approach, we can find the optimal solution of Problem (9) is
wi=(1's71) 7 L.

In practice, however, ¥ is unknown. Therefore, ¥ and w* can only be estimated. Because =,
across £ =1,2,...,n are i.i.d., then an unbiased and strongly consistent estimator of X is

1

Y

Z (Ye—) (ve— '_Y)/ :
=1
Then we may estimate w* by

“ -1 .
W= (1’2*11) 11

Therefore, we may use 4 = v?/*/’? as the estimator of « and it is strongly consistent due to the
continuous mapping theorem (Durrett 2005). However, 4 is no longer unbiased because of the
dependence between w* and 4. If an unbiased estimator is necessary, one may estimate w* using a
pilot simulation, i.e., a small number of additional simulation runs that are only used to estimate
w*, so that w* and 4 can be independent.

It is worthwhile pointing out that, from the numerical results in Section 5, the resultant estimator
obtained above (called “combined estimator” in Section 5) does not always perform significantly
better than the best amongst all multiple estimators. In that case, instead of the optimal linear

combination method, we also suggest a two-phase simulation where one quickly finds the best
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design using a pilot simulation and then generates sample only from that design to get an unbiased
estimator. Nevertheless, the yield of multiple estimators is a natural consequence of our proposed
method, and to efficiently use these estimators is the motivation behind applying either a linear

combination or a two-phase simulation.

3.4. Connections to SPA Method

As is apparent, the estimators we derive above are based on conditioning techniques. We choose a
particular random variable and condition on all others. In this sense, our method can be viewed as
a two-step conditional Monte Carlo method for estimating p’(#). In the first step, it differentiates
p(f) and obtains a closed-form expression as in Equation (3); and in the second step, it evaluates
the expression by using conditioning techniques. Indeed, the second step of this method can also
be generalized to the work of Hong and Liu (2010) and Liu and Hong (2011), which derive the
closed-form expressions (similar to the result in Equation (3)) and then use kernel estimators to
estimate the sensitivities of probability functions and option prices, to obtain estimators with faster

rates of convergence.

SPA

condition differentiation

differentiation condition

Our method

Figure 1 Comparison between SPA and our method.

SPA is another two-step conditional Monte Carlo method for estimating sensitivities of expected-
value functions (see, for instance, Fu and Hu (1997) for general discussions and Chen and Glasser-
man (2008) for applications in credit risk management). However, different from our approach,
it conditions in the first step to smooth the function inside of the expectation and differentiates
the expectation in the second step (see Figure 1 for an illustration of the two approaches). We
believe that our method has several advantages compared to SPA. First, it gives a closed-form
expression of the sensitivity in the first step, e.g., Equation (3), which is independent of specific
models. This expression provides insights on the problem itself regardless of the model, and it can

also be used to develop kernel estimators, e.g., the one in Equation (4), which is model-independent
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and can be applied easily. Second, our approach makes conditioning on different random variables
easier. Once the closed-form expression of the sensitivity is given, it is often quite straightforward
to decide what to condition on and to develop multiple estimators, as demonstrated in Section 4
later. For SPA, however, one has to see through both steps (conditioning and differentiation) in
order to decide what to condition on, and therefore, it is often more difficult to apply and to
develop multiple estimators. Note that both our method and SPA method can be viewed as dif-
ferent approaches to achieving similar (possible the same) estimators under a two-step conditional
Monte Carlo framework. See an example of latent variable models in the e-companion EC.2 for an

illustration.

4. Applications to Three Classes of Models

In this section, we apply the results of Theorem 1 to three classes of widely used credit models,
latent variable models, Bernoulli mixture models and doubly stochastic models, to derive sensitivity
estimators that are in general more efficient than the kernel estimators. Specifically, we directly
apply both Equation (7) and Equation (8) to develop multiple estimators of p’(f) for all three
models of joint defaults. Because the choices of A and B depend on specific models, we illustrate
our idea by working on specific examples with respect to particular parameters when applying

Equation (8).

4.1. Latent Variable Models
We first consider latent variable models where obligor i defaults if a latent variable Y; is below
a threshold d;. Merton (1974) considered a one period model where Y; denotes the value of the
obligor one period later, and d; denotes the promised debt at that time. The obligor defaults if it
fails to pay the coupon, i.e., Y; < d;. By introducing dependence among Y;, i =1,...,m, the model
can be used to model joint defaults. We now introduce several examples of commonly used latent
variable models.

EXAMPLE 1 (CREDITMETRICS AND KMV MODELS). As introduced in Frey and McNeil
(2003), both CreditMetrics and KMV models assume that

Yi=al'+o,6,+v;, i=1,...,m, (10)
where a; = (a;1,...,a;,) with p<m, I'=(Ty,...,T',))T follows a multivariate normal distribution
with mean vector 0 and covariance matrixz 2, €1,...,€, are independent standard normally dis-

tributed random wvariables, and v; is the mean value of Y;. In this model, the random vector I’
represents the macroeconomic factors and the random variable €; represents obligor i’s idiosyncratic
risk factor. Then, the dependence between Y; and Y; are modeled by their dependence on the com-
mon macroeconomic factors. Let A= (ai,...,a,,)T. Then, the covariance matriz of (Y1,...,Y,,) is

AQA’ + diag(o3,...,02).

m
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EXAMPLE 2 (THE MODEL OF L1 (2000)). Let T; denote the default time of obligor i. We
assume that the distribution function of T; is F;, which is typically an exponential distribution with
rate \;, i.e., Fi(t) =1—exp(—A;t). Then, a loss will be incurred if the obligor defaults before the
predetermined time T, i.e., T; <T. Let ® denote the standard normal distribution function. Then,
{T; < T} is equivalent to {®~ (Fy(T;)) < @' (F;(T))}. Let Z; =@~ (Fy(T;)). Note that Z; follows
a standard normal distribution. In this model, Z; is often modeled as Z; = [Y; — E(Y;)]/+/Var(Y;),
where Y; is defined in Equation (10), B(Y;) = 30_ aijp; + vi, and Var(Y;) = a,Q aj + o7. Let
d; = /Var(V;) - & (F,(T)) + E(Y;). Then, {T; <T} is equivalent to {Y; < d;}.

Both Examples 1 and 2 are known as Gaussian copula models because Y = (Y3,...,Y,,)T follows
a multivariate normal distribution. For Examples 1 and 2, for instance, ¢; is a standard normal ran-
dom variable and Y; = (d; — a,[' — v;) /o;. Equation (7) provides an efficient approach to estimating
P'(0).

To illustrate how to apply Equation (8) to Gaussian copula models, we consider the following
specific parameters. Suppose that d; is a function of a parameter \;, i.e., d; = d;()\;), (as already in
Example 2), and we are interested in estimating p’()\;) for some i =1,...,m. When p is the price
of a CDO and J\; is the default intensity of obligor ¢, then p’();) is known as delta (Chen and
Glasserman 2008). Without loss of generality, we consider p’(\;).

Let A=T; for any j=1,...,p. Without loss of generality, we set A =TI". Then, {Y; <d;} is
equivalent to {A < 3;} where 3, = i [di =Y _,auly — o6, —v;]. Let X; = A— ;. Then,

dy (M) i=1

Bih)=4q ™

Note that (I'y,...,I',)’ follows a multivariate normal distribution with mean u and covariance
matrix 2. We let p_; and ©_; denote the mean vector and covariance matrix of I' _y = (I'y,...,T',)’,
and let o2 = Var(T';) and w, = (Cov(T;,T),...,Cov(I'1,T,))". Then, by Bock (1985), fr,rr_,(*)
is the same as the density of a normal random variable with mean fi; and variance 7, where
g =p+wQ (T —p_y) and 62 =0? —w|Q_w;.

By Equation (8), we have

dy (A
p'(\) _E{[g (Lort+l)—g(L-1)] 1a( k frir, (Bl)} '
11
Similarly, by setting A=T,...,I',, we can also develop another p — 1 sample-mean estimators of

P (A1). Combining with the one given by Equation (7), we now have totally p + 1 sample-mean

estimators of p'(A;).
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EXAMPLE 3 (THE MODEL OF BASSAMBOO ET AL. (2008)). It is known that the Gaussian cop-
ula models cannot explain well the extremal dependence among obligors that is observed empirically
(Mashal and Zeevi 2003), which means that the obligors are more likely to default simultaneously
than what the Gaussian copula models predict. Bassamboo et al. (2008) suggested the following

single factor model:

1=1,2,...,m,

pZ +1—p?¢
Y, = W :

where Z denotes the common factor that affects all obligors, €; denotes obligor i’s idiosyncratic
risk, W is a nonnegative random variable that captures a common shock to all obligors, and Z, W,
and €; are mutually independent. When Z and €; are independent normal random wvariables and
W =1, the model becomes the one-factor Gaussian copula model. When W is a random variable,
a small W wvalue will create a common shock to all obligors and cause many of them to default
stmultaneously. Bassamboo et al. (2008) show that the model can explain extremal credit risk when
W or W2 follows a Gamma distribution. Specifically, when W? follows a Chi-square distribution,
Y, follows a t-distribution and the model is also known as a t-copula model (Embrechts et al. 2003).

Suppose that W = 60&, where £ is an exponential random variable with the mean equal to 1 and
0 is the mean of . Suppose that we are interested in estimating p’(6), which is the sensitivity of
the portfolio credit risk to the average shock size.

By by letting ¢; be a standard normal random variable and Y; = (d;0€ — pZ) //1 — p?, Equation
(7) yields the following estimator,

m

P(0)=> E{lg(Li+L)—g(L)]-Ti0)- f (1)} (11)

i=1
Besides the estimator in Equation (11), we can also apply Equation (8) to develop two other
estimators. Note that threshold d; could be positive or negative, depending on the parameter
settings in Y;. To be consistent with numerical test in Section 5.1, we assume d; to be negative.
First, we let A=¢& and f8; = M. Then, {Y; < d;} is equivalent to {A < 3;}. Let X; =

6d;
A—/Bl Then,
pZ+NV1=pe B

Let fe(x) =e~*, x >0, denote the density of £. Then, fap(x)= fa(z)= fe(x). By Equation (8),
we have
== Bllac+t)-g )50 (12)

Second, we let A= Z. Similarly, we have §; = Y=V 1mpme Vpl_p%i and B(0) = %. Let f(-) denote the

K2

density of Z. Then, by Equation (8), we have

FO)=Y E{[g Crty-g e 2 gy <ﬁi>} . (13)

=1
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Given Equations (11), (12) and (13), we can develop three sample-mean estimators of p’(0) if
an i.i.d. sample of {Z & e€,...,€,,} is available. Suppose the i.i.d. sample of {Z,€,€y,...,€,} is
denoted as {(Z1,&1, €115 ,€m1)s--s(Zn,Eny€1mys- -y Emm)}, the three sample-mean estimators of

p'(0) given Equations (11), (12) and (13), respectively, are

*Z Z (Losg 1) =9 (D)) 2 £ (Ti), (14)

Where Tl,] = (dlegj )/m and L*l] Z:L:Ls;éi lS . 1{€s,j<TS,j}’

—_

3

n

lz Z £723+l (‘c* )] BZ] ff(ﬁzg) (15)
where ,81] (PZ +\/7p€1])/( ) and E—i,jzzs 197&11 1{513<BSJ}7 and

. ;€
Z Z (Loij+1) =g (Lij)]-

where 8, ; = (0d:&; — V1 —p?e;;)/p and L ;=377 1o Lp s, 3 Because p,(0), k=1,2,3,

is a typical sample mean estimator, it is strongly consistent by strong law of large numbers, and

3

(Bi,j) ’ (16>

3\*—‘

after normalization, it follows a central limit theorem (Durrett 2005). Furthermore, its rate of

/2 which is faster than the rate of the kernel estimator @ of Equation (4). This

convergence is n~
conclusion holds for all the models considered throughout this paper. For the space limitation, we
omit repeating this conclusion for the rest of the models, and we also omit providing the closed-form

expressions of the sample-mean estimators as in Equations (14)—(16).

4.2. Bernoulli Mixture Models

Let I'=(I'y,...,I',)" denote a set of common economic factors, where p < m. In Bernoulli mixture
models, the default event of obligor i follows a Bernoulli random variable with a default probability
Q; (0<Q; <1), and Q; is modeled as a function of T, i.e., Q; = Q;(T"). Furthermore, defaults of all
obligors are independent of each other once I' is given. Therefore, in Bernoulli mixture models, the
dependence among all obligors are modeled through their dependence on the common economic
factors I'. The following are a few commonly used Bernoulli mixture models.

EXAMPLE 4 (CREDITRISKT MODEL). A Bernoulli mizture model is used in CreditRisk™, a
financial product developed by Credit-Suisse-Financial-Products. As introduced in Frey and McNeil
(2003), CreditRiskt uses Q; =1 — e~ Wil where T' is a vector of independent gamma distributed
macroeconomics factors and w; = (w; 1,...,w;,) is a vector of positive weights.

EXAMPLE 5 (BERNOULLI REGRESSION MODELS). In Bernoulli regression models, the individual
default probability is modeled as Q;(T') = q(T',z;),i =1,...,m where z; is a deterministic vector. As

introduced in Frey and McNeil (2003), a particularly popular choice is

q(T,z;) =h(o'z,L + p'z;),
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where h: R — (0,1) is a strictly increasing function, p and o are vectors of regression parameters
and o'z; > 0. As shown in Frey and McNeil (2003), under some specific choices of I' and h(-), an
individual obligor’s default may follow a probit-normal or logit-normal mizing-distribution.

We consider only the CreditRisk™ model introduced in Example 4. Suppose that we are interested

in estimating p'(w;;) for some i=1,...,m and j=1,...,p. Without loss of generality, we consider
p'(wi1).
Let U;,i=1,...,m, be independent uniform(0,1) random variables that are independent of T',

and X; =U; — @Q;, where ); =1 —exp (— Z];:l wijfj). Then, obligor ¢ defaults if X; < 0. Here, U;

is equivalent to €; and Q; is equivalent to T; in Equation (7), then,

p'(wn) =E{[g(L-1+1)—g(Ly)] - Tre®th}. (17)

We next apply Equation (8) to to develop other estimators. Let fr,(-) denote the density of I';.
Note that, in this model, I'y,...,I", are mutually independent.

First, we let A= —T";. Then, we have §3; = wil log(1—U;)+ > r_, wirl'y] and

—u%%l log(1—Uy)+ 30 _,wi Iy =—2 i=1,

Bi(wn) = { o

0, 1=2,...,m.

By Equation (8) and similar analysis as in Section 4.1, we have

5 L f (—51>}. (18)

wy

p'(wn)=-E { [g(La+1)—g (L))

Second, we let A= —TI's (which can be extended easily to A= —TI'; for any j =2,...,p). Then,
Bi= wiﬂ log(1—-U;) + ZZ:M#Q wikI’k} and

By Equation (8) and similar analysis, we have

P (wi) :E{[g (Lot =g )] 2 i, (—ﬁn} . (19)

Given Equations (17), (18) and (19), we can develop p+ 1 sample-mean estimators of p'(wy;) if
an i.i.d. sample of {I",Uy,...,U,,} is available.

4.3. Doubly Stochastic Models
Let {N;(t) : t > 0} denote a nonhomogeneous Poisson process with nonnegative stochastic intensity

process A; = (A\;(t) : t > 0). In doubly stochastic models, the default of obligor i occurs at the
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first jump time 7; = min {¢ > 0: N;(¢) = 1}. Then, conditioned on the intensities \;, i =1,...,m, the

default time 7; of obligor i are mutually independent random variables with
t

Pr{rm >t|\;} =Pr{N(t) =0|\;} =exp {—/ )\i(u)du} .
0

Let A; = fo u)du and let F;,i =1,...,m, be independent exponential random variables with
mean 1. Then {Ti < T} is equivalent to {E7 < A;}, i.e., obligor i defaults before time T' if E; < A;.

To model the dependence among the obligors, the intensity process is often modeled as
Ai(t) = Se(t) + Si(t), (20)

where {S.(t)>0:¢>0} models the common part of the intensity processes of all obligors and
{S;(t) >0:t >0} models the individual part of obligor i’s intensity process. In this model, S.(t)

and S;(t), i=1,...,m, are often modeled as diffusion processes, e.g.,

AS.(t) = e (1, 5.(1)) db + o, (1, 5.(¢)) dB. (1), (21)
dS;(t) = pi (t,5:(t)) dt + o (£, 5:(t)) dBi(t), (22)

where B, and B;, 1 =1,...,m, are mutually independent Brownian motion processes. To ensure the
nonnegativity of S, and S;, square-root diffusion processes, e.g., CIR processes, are often used.
EXAMPLE 6 (THE MODEL OF DUFFIE AND GARLEANU (2001)). Duffie and Garleanu (2001)

modeled S. and S; by CIR processes with jumps, i.e.,

dS.(t) = k(p.— ))dt + o/ S.(t)dB.(t) + dJ.(t),

where B, and B; are mutually independent Brownian motions, and J. and J; are mutually inde-
pendent pure-jump processes and also independent of the Brownian motions. Their jump sizes are
independent and exponentially distributed and their jump times are formulated as a series of Pois-
son processes (jump sizes and jump times are also independent). To simulate these processes, we
may simulate the sets of jumps first and add the jump times to the set of discretized time steps and
then apply the Fuler scheme at the new set of time steps.

To simulate \;(t) and to evaluate A; in the doubly stochastic models, we often use the Euler
scheme to discretize S.(t) and S;(t), i =1,...,m (Glasserman 2004). Let k be the number of time
steps in the discretization, and At =T/k and t; =j-At, j=0,1,...,k — 1. Furthermore, let §c and

§i, i1=1,...,m denote time-discretized approximations to S, and S;. Under the Euler scheme,

(ta1) = Su(t)) + e (t-, SA'C(t)) At+o, (tj,sl(tj)) VALZ, .1, (23)
Si(tjsn) = Silty) + ( ,Sit )) At+o; (tj7§i(tj)> VALZ; (24)
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for j=0,1,....k—1andi=1,2,...,m, with §c(0) =5.(0) and 3’\1(0) =5;(0), where Z, j11,Z; j+1 are
independent standard normal random variables for j =0,....,k—1 and i =1,...,m. Then, we can

approximate A; by

k-1 k-1
Re=Y"RNit)at=3" [Sut) +5it)] At (25)
j=0 J=0

Suppose we use the doubly stochastic model defined in Equations (20) to (22) and use the dis-
cretization scheme defined in Equation (25) to evaluate A;. Furthermore, suppose we are interested
in estimating p’(5;(0)) for i =1,...,m. Without loss of generality, we consider p’(5:(0)).

Let X;=F,; — /A\Z Here, F; is equivalent to ¢; and Ki is equivalent to T; in Equation (7), then,
by Equation (7), we have

P(S:(0) =E{lg(L 1 +1) = (L 1)]- Ri(S1(0)) - f, (R} (26)
where el
Rsion =3 Gl -a

with pathwise derivative

dSi(t;) _ dSi(t;) dSi(t;1) dS, (t,)

dS1(0) ~ dS,(t;_1) dSi(t;_») ds$,(0)’

and

S, (t;) n dpn (tj,:s*:(tj_l)> A doy <tj7§1(tj—1)>

dSl(tj_l) dSl(tj_l) dSl(tj_l)

We may also use other individual random factors, Z, ,_; (defined in Equation (24)), to derive

another set of estimators. Let X; = —Z; ,_; —&;, where
o S o Ait) A+ So(tr) At + Si(tro2) At + i (brs, S (tx-2)) (A1)? — B

0i(th—2, Si(th—2))(At)3/2
Here, —Z, 1 is equivalent to ¢; and & is equivalent to Y, in Equation (7), and X/(S5:(0)) =
—&/(51(0)) where

1 . k—2 d§1(t]‘) dgl(tkfg) dpy (tk—27§1 (tk72))
(s B )02 |22i=0 @50 T 4510 s At
51{(51 (0)) =9 _ & doy (tk—2’§1(tk—2)) i1
o1 (tk—zvgl(tk—Q)) d51(0) ’ ’
0, 1#£ 1.

Then, by Equation (7), we have

p'(51(0)) =E{[g(L_1 + 1) —g(L-1)] - £1(51(0)) - ¢(—=&1)}, (27)
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where ¢(-) is the density of a standard normal distribution.

To apply Equation (8) to derive other estimators, we let A= —Z.,_1, where Z.,_; is a standard
normal random variable in Equation (23). The default event of obligor 1, { E; < JA\Z} is equivalent
to {A < B;}, where

~

S0 M)A+ St )AL+ 8, (tk2) At + e (B2, Sty 2) ) (AD? ~
0 (te-2: Sulti2) ) (D)2

Bi:

Then,

k—1 451 (¢))
>5=0 dsl(g)

BZ(Sl(O)) = Uc(tk727§c(tk,2))(At)l/27 =1,
0, i#1.

By Equation (8), we have

2571 S (t5)
. izo d51(0) BB b (28)
Oc (%—2, Sc(tk—2)> (At)1/2

p'(51(0)) =E [g(L1+1)—g(Ly)]

Given Equations (26), (27) and (28), we can develop three sample-mean estimators of p’(.S;(0))
if an i.i.d. sample of {E\,...,En, Ze1, -y Zey, Zijyi=1,...,m,j=1,...,k} is available.

Under the Euler scheme, the computational complexity of jA\Z is O(k), but the complexity of
computing K;(@) depends on the exact form of parameter 6, so does for p’(0). If § is an idiosyncratic
parameter, e.g., # = 51(0), then it takes O(km) to compute p’(#) by Equations (26), (27) or (28).
If # is a macroeconomic parameter, e.g., # = S.(0), then it takes O(km?) to compute p’(f) using
L_; and O(km) to compute p'(6) using L_;, which is caused by the difference between computing
L_;and L_,.

5. Numerical Experiments

In this section we test the performances of our estimators through three examples, including one for
latent variable models, one for Bernoulli mixture models, and one for doubly stochastic models. In
each example, we consider two performance functions, g(L) = 1{.~,} and g(L) = L-1{7~,; (denoted
as Cases A and B, respectively), and estimate the dE[g(L)]/d6f for some parameter 6 that is in the
model of the joint defaults. For each example and each performance function, we consider three
types of estimators, the LR estimator when it is applicable (we will derive the LR estimator later),
the kernel estimator given by Equation (4) and the various sample-mean estimators developed in
Section 4, and compare their performances. It is worth noting that there are multiple sample-

mean estimators that can be used to estimate p’(#) by the results in Section 4. Furthermore, these
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estimators can all be computed by using the sample generated in the same simulation. Therefore,
this motivates us to use linear combinations of these estimators to obtain more efficient estimators.

In all three examples, without additional specifications, there are 100 obligors in the loan portfolio
(i.e., m = 100) and the loss due to default of obligor i equals to 100 (i.e., [; = 100 for all i =
1,...,100). In both performance functions, we set y = 2000, i.e., we are interested in the cases
where at least 20 obligors default. Other parameters of examples will be introduced according to
their models.

To use the kernel estimator of Equation (4), we need to choose the bandwidth parameter §,,. As
shown in Hong and Liu (2010), to achieve the optimal rate of convergence, d,, should be in the order
of n=1/5. Then, we set 6, = cn~'/® for some positive constant c. We test the kernel estimators with
different values of ¢ for all three examples and find that ¢ =1 is always a good choice. Therefore,

we set ¢ =1 for all three examples.

5.1. A Latent Variable Model
We consider the model of Bassamboo et al. (2008) introduced in Example 3. We suppose that both
the common factor Z and idiosyncratic factor ¢; follow a standard normal distribution, p = 0.6,
d; = —2, for all ¢, and the common shock factor W = 6& where § =1 and £ follows an exponen-
tial distribution with mean 1. We are interested in estimating the sensitivities of the expected
performances of the two performance functions with respect to the average shock size 6.

To obtain the LR estimator, we consider 6 as the mean parameter of W (i.e., we transfer the
structural parameter into a distributional parameter). Then, 6 will not appear in other random
variables, which allows us to obtain the score function (SF). The density function of W, fy (z) =

% fe(x/0) = se=/% for > 0. Then,

p'(0) =E{g(L)-SF} =E{g(L)-(-1+&)/0}, (29)

where SF = Llog (1e"/?) = —1 4+ 3 = =4 Given Equation (29), we obtain the LR estimator
of p/(9) if an i.i.d. sample of (Z,&,¢€,...,€,) is available.

To simulate the joint defaults, we can generate an i.i.d. sample of (Z,€&,€1,...,€,), denoted by
{(Zs,E €10, €me): £=1,2,...,n}. Based on the sample, we may compute the kernel estimator
of Equation (4), the LR estimator of Equation (29), the three sample-mean estimators of Equa-
tions (14)—(16) (which we denote as Estimators 1, 2, 3, respectively), and the combined estimator
calculated from the three sample-mean estimators (see Section 3.3 for derivation). We report the
estimates (denoted by M) and the standard errors of these estimators (denoted by s.e.) in Table 1
with different sample sizes.

From Table 1, we have several findings for both performance functions. First, the kernel estimator

can appropriately estimate the sensitivities. This finding demonstrates the correctness of Theorem
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Table 1  The estimates and their standard errors (s.e.) for the model of Bassamboo et al. (2008).

Sample size n 10* 10° 10°

Case A M se (x107%)| M se. (x107%)| M  se (x1079)
Estimator 1 |-0.2052 2.2 -0.2111 7.1 -0.2048 2.2
Estimator 2 |-0.2041 0.12 -0.2072 0.39 -0.2068 0.12
Estimator 3 |-0.2061 0.21 -0.2081 0.66 -0.2064 0.21
Combined |-0.2046 0.11 -0.2074 0.34 -0.2067 0.11
Kernel -0.2260 2.4 -0.2091 7.5 -0.2019 2.6
LR -0.2144 0.36 -0.2069 1.1 -0.2069 0.35
Case B M s.e. M s.e. M s.e.
Estimator 1 | -983.8 47.5 -1003.7 15.4 -983.2 4.75
Estimator 2 | -971.1 8.1 -989.9 2.6 -988.5 0.81
Estimator 3 | -991.4 9.6 -994.0 3.0 -986.4 0.96
Combined -979.5 6.2 -991.4 2.0 -987.7 0.62
Kernel -1029.1 52.3 -1004.1 16.5 -977.8 5.6
LR -1021.1 19.5 -989.7 6.1 -990.1 1.9

Note: Estimators 1-3 are specified by Equations (14)—(16), respectively.

1 and the usefulness of the kernel estimator. Second, the sample-mean estimators and the combined

1/2 and the kernel estimator appears to have

estimator appear to have a rate of convergence of n~
a rate of convergence nearly n~'/2. This finding supports our motivation of deriving sample-mean
estimators. Third, the combined estimator has a smaller standard error than the three sample-
mean estimators. Fourth, conditioning on a common risk factor, e.g., Estimators 2 and 3, may yield
estimators that have smaller standard error than conditioning solely on an idiosyncratic risk factor
(as in Chen and Glasserman (2008)). Fifth, the LR estimator achieves the same rate of convergence
of n=/? as the sample-mean estimators, but has larger standard errors than the best sample-mean
estimator (and also the combined estimator).

We next consider the time taken to compute each estimate. Unlike the previous experiment only
using one i.i.d sample to obtain all the estimates, the numerical test for timing is carried out by using
different i.i.d samples for different estimates. We run the Matlab code on a 3.40GHz Intel Quad-Core
PC with 4 GB RAM for our numerical tests. Note that even though there are 4 cores, the Matlab
code is always executed using a single core. The computational times for computing Estimator
1, combined estimator, kernel estimator and LR estimator with 100 independent replications are
reported in Table 2. Note that we fix the number of obligors m = 100 on the left panel of Table 2,
while we fix the sample size n = 10? on the right panel.®

We find that the time of computing Estimator 1 and that of computing the kernel estimator are
almost the same, and they are higher than that of computing the LR estimator. From the left panel

in Table 2, the time of computing the combined estimator is about one-order larger than other

#The threshold y also increases in proportion to the number of obligors m.
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Table 2 Time (in second) taken to compute each estimator with 100 replications.

Sample size n | 10* | 10° 10° || Number of Obligors m | 10 | 100 | 1000
Estimator 1 |0.09| 0.79 | &8.10 Estimator 1 0.02]0.09 | 0.86
Combined |1.21|11.90|122.88 Combined 0.05|1.21 | 69.88
Kernel 0.08| 0.69 | 7.02 Kernel 0.03]0.08| 0.81
LR 0.05| 043 | 4.31 LR 0.02]0.05| 0.50

estimators (= 15 times greater than that of computing Estimator 1), which is reasonable based on
the analysis of the computational complexities of different estimators as shown in Section 3. Recall
that the computational complexity of either Estimators 2 or 3 is O(m?) and that of Estimator 1
is O(m), then the computational complexity of the combined estimator, calculated based on the
three sample-mean estimators, is also O(m?). This is also consistent with the result in the right
panel. The time of computing Estimator 1, kernel estimator and LR estimator increases linearly as
m increases while that of computing the combined estimator grows faster than O(m). In this case,
the benefit of the combined estimators (as well as Estimators 2 and 3) may be canceled out due to
a higher computational complexity. Then we suggestion to derive estimators by conditioning only

on idiosyncratic factors for macroeconomic parameters when the number of obligors is large.

5.2. A Bernoulli Mixture Model

We consider CreditRisk™ model introduced in Example 4. We suppose that I" is a 5-dimensional
vector of independent gamma distributed macroeconomics factors all with shape parameter 3 and
scale parameter 0.1 (i.e., I'; ~ Gamma(3,0.1) for j =1,...,5), and all weights equal to 0.1 (i.e.,
w;; =0.1fori=1,...,100 and j=1,...,5). We are interested in estimating the sensitivities of the
expected performances of the two performance functions with respect to wi;.

For this example, it is not clear to us how the LR method may be applied directly since we are not
able to write the parameter wy; as a distributional parameter of a single random variable. “Push-
out” techniques may be helpful when the structural parameter w;; cannot be easily converted to
a distributional parameter (Rubinstein 1992). However, it is model-dependent and may not be
suitable for general models. Thus, we do not consider LR method for this example.

In this example we have six sample-mean estimators (denoted as Estimators 1 to 6). Estimator 1
is the one given by Equation (17), Estimator 2 is the one given by Equation (18), and Estimators 3
to 6 are the ones given by Equation (19) applied to I'; to I's respectively. The combined estimator
is calculated by combining Estimators 1 to 6.

We report the performances of the kernel estimators, the six sample-mean estimators and the
combined estimators for different sample sizes in Table 3. From the table we see that the findings
of Section 5.1 also hold in this example, except that the estimator conditioning on the idiosyncratic

risk factor (i.e., Estimator 1) has a lower standard error than the estimators conditioning on the
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Table 3 The estimates and their standard errors for the CreditRisk™ model.

Sample size n 10% 10° 10°
Case A M se (x107%)| M  se (x107%)| M s.e. (x107%)
Estimator 1 | 0.0100 0.60 0.0099 1.9 0.0099 0.61
Estimator 2 | 0.0091 1.9 0.0099 6.4 0.0095 2.0
Estimator 3 | 0.0071 2.3 0.0104 9.4 0.0093 2.8
Estimator 4 | 0.0071 2.1 0.0098 8.5 0.0096 2.9
Estimator 5 | 0.0094 2.7 0.0097 8.6 0.0093 2.8
Estimator 6 |0.0075 2.0 0.0099 9.1 0.0095 2.9
Combined | 0.0095 0.58 0.0099 1.9 0.0098 0.59
Kernel 0.0090 1.0 0.0100 4.4 0.0095 1.7
Case B M s.e. M s.e. M s.e.
Estimator 1 | 23.85 1.3 23.65 0.41 23.52 0.13
Estimator 2 | 21.97 3.9 23.49 1.35 22.74 0.42
Estimator 3 | 16.95 4.9 24.48 1.98 22.38 0.59
Estimator 4 | 17.79 4.4 23.04 1.79 23.00 0.60
Estimator 5 | 22.02 5.6 22.99 1.82 22.44 0.59
Estimator 6 | 17.78 4.1 23.56 1.93 22.84 0.61
Combined 22.87 1.2 22.86 0.40 22.84 0.12
Kernel 21.59 2.2 23.46 0.92 22.86 0.36

Note: Estimators 1,2 and 3-6 are specified by Equations (17),(18), and (19), respectively.

common risk factors (i.e., Estimators 2 to 6). That implies that it is hard to identify which one is
better in advance among the estimators derived by conditioning on either idiosyncratic factors or
macroeconomic factors.

We also report the computation times of different estimators in Table 4. It is interesting to find
that the computational time of computing Estimator 1 and that of computing the kernel estimator
are almost the same, and also in the same order of computing other estimators. This is because the
computational complexities of all estimators are O(m) when the parameter wy; is an idiosyncratic
parameter. The time of computing the combined estimator, which is calculated based on the six
sample-mean estimators, is less than the total time of computing each of them. This finding suggests

the advantage of using a linear combination of multiple estimators for idiosyncratic parameters.

Table 4  Time (in second) taken to compute each estimator with 100 replications.
Sample size n | 107 | 10° | 10°
Estimator 1 |0.05 [ 0.40 | 3.47
Estimator 2 | 0.10 | 0.65| 5.51
Estimators 3—6 | 0.20 | 1.68 | 14.79
Combined 0.26 | 2.09 | 18.43
Kernel 0.06 | 0.40 | 3.48
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5.3. A Doubly Stochastic Model
We consider a doubly stochastic model where both S.(t) and S;(t),i =1,...,m, follow CIR pro-
cesses. Specifically, suppose that

/~Lc<t7 Sc(t)) = Re (:U'c - Sc(t)) and Uc(tv So(t)) =0c¢ Sc(t)a
st Si(8)) = s (115 — Si(1)) and os(t, Si(8)) = 5/Sal8) , i = 1, oo, (30)

where k. =0.002, u.=0.1, 0. =0.02, and x; =0.001, p; =0.07, 0, =0.01 for all i=1,...,m. The
initial values S.(0) =0.1 and S;(0) =0.08 for all i =1,...,m, and the time horizon T'=1. We
are interested in estimating the sensitivities of the expected performances of the two performance
functions with respect to S;(0). In the numerical study we use the discretization scheme introduced
in Section 4.3 to evaluate A;, the integral of the default intensity of obligor ¢ for all i =1,... ,m.

The LR method cannot be directly applied to doubly stochastic models if we use Equation
(25) under Euler scheme because the structural parameter S;(0) cannot be fully converted to a
distributional parameter. To make LR method work, we approximate A; by

k

R=3"N)a=Y" [§c(tj)+§i(tj) At, (31)

j=1 j=1
and use the conditional technique of Hong and Liu (2010). After some derivation (see the e-

companion EC.1 for detailed derivation), we have the LR estimator

o~ 2
(51 () — mAt) — 028, (0)At — (1— ki ALY S2(0)
20353 (0)At

P($1(0) =EX{ g (L)- (32)

Besides the LR estimator, we have three other sample-mean estimators. Estimator 1 is given
by Equation (26), and Estimators 2 and 3 are given by Equations (27) and (28) respectively. The
combined estimator is calculated by combining Estimators 1 to 3.

In this example we fix the sample size n = 10° and investigate how the number of time steps
affects the accuracy of the estimators. We report the estimates (M) and their standard errors (s.e.)
for different numbers of time steps in Table 5 with A given by Equation (25) and Table 6 with
KZ- given by Equation (31). From both tables, we see that the performances of Estimators 2, 3 and
the LR estimator deteriorate as the number of time steps goes up. This deterioration is typical for
estimators that condition on the last time step (see, for instance, Hong and Liu (2010) for some
more examples). However, in our example, both Estimator 1 (and thus the combined estimator)
and the kernel estimator are not affected by the numbers of time steps. In this example. the LR
estimator performs poorly when the sample size is n = 10°. To make sure the LR estimator is

correct, we run the experiment with time step k& = 4 and sample size n = 10'°, and other parameters
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Table 5  The estimates and their standard errors for the doubly stochastic model with A given by Equation
(25).
Time steps k 2 4 12
Case A M  se (x107%)] M se (x107°)| M s.e. (x1073)
Estimator 1 | 0.0516 0.20 0.0519 0.20 0.0518 0.20
Estimator 2 | 0.0491 3.7 0.0587 6.9 0.0412 12.7
Estimator 3 | 0.0573 2.7 0.0499 4.2 0.0447 9.1
Combined |0.0516 0.20 0.0519 0.20 0.0518 0.20
Kernel 0.0518 0.64 0.0523 0.64 0.0528 0.64
Case B M s.e. M s.e. M s.e.
Estimator 1 | 119.22 0.42 119.90 0.42 119.53 0.42
Estimator 2 | 113.30 7.74 133.13 14.60 99.30 26.7
Estimator 3 | 130.89 5.67 114.51 8.93 106.02 19.2
Combined |119.24 0.42 119.89 0.42 119.53 0.42
Kernel 119.67 1.34 120.68 1.35 121.78 1.36

Note: Estimators 1,2 and 3 are specified by Equations (26),(27), and (28), respectively.

Table 6 The estimates and their standard errors for the doubly stochastic model with A given by Equation
(31).
Time steps k 2 4 12
Case A M  se (x107%)| M se (x107°)] M s.e. (x1073)
Estimator 1 | 0.0514 0.20 0.0516 0.20 0.0520 0.20
Estimator 2 | 0.0534 3.9 0.0462 6.1 0.0479 13.9
Estimator 3 | 0.0537 2.6 0.0448 4.0 0.0496 9.7
Combined |0.0514 0.20 0.0516 0.20 0.0520 0.20
Kernel 0.0513 0.64 0.0516 0.64 0.0523 0.64
LR 0.0680 187.2 0.1864 265.3 -0.4638 460.0
Case B M s.e. M s.e. M s.e.
Estimator 1 | 118.80 0.42 119.22 0.42 120.13 0.42
Estimator 2 | 122.47 8.14 106.54 12.84 109.85 29.3
Estimator 3 | 123.59 5.53 103.99 8.42 115.23 20.5
Combined | 118.80 0.42 119.21 0.42 120.13 0.42
Kernel 118.46 1.34 119.08 1.34 120.90 1.35
LR 183.57 424.31 414.97 601.39 -1186.6 1042.5

Note: Estimators 1,2 and 3 are specified by Equations (26),(27), and (28), respectively.

remaining the same. It takes around 84 hours to obtain the estimate 0.0537 with a standard error

0.0024.

We report the computational times of computing Estimator 1, combined estimator, kernel esti-

mator and the LR estimator when sample size n = 10° in Table 7. From Table 7, we find that it

almost takes the same amount of time to compute Estimator 1, kernel estimator and LR estimator.

Moreover, the time for the combined estimator increases slightly compared with other estimators

even though the combined estimator is obtained after computing the three sample-mean estimates.
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Table 7 Time (in second) taken to compute each estimator with 100 replications.

Time steps k| 2 4 12
Estimator 1 | 18.60 | 28.94 | 68.13
Combined |30.68 | 35.72 | 84.81
Kernel 18.67 | 24.96 | 68.48
LR 17.38 | 23.54 | 67.28

6. Conclusions

In this paper we derive a closed-form expression for the sensitivities of the expected value of
a performance function of a portfolio credit loss with respect to a parameter in the model of
joint defaults. We show that the differentiability does not depend on the differentiability of the
performance function. Based on the closed-form expression, which is in the form of a conditional
expectation, we propose two methods to estimate the sensitivities. First, we propose a kernel
estimator which is typically easy to use, applicable to many models of joint default, but has a
rate of convergence slower than n~'/2. Second, we propose to use model information to further
convert the conditional expectation to unconditioned expectations and use sample-mean estimators
to estimate the sensitivities. We demonstrate the second method on three commonly used models
of joint defaults, latent variable, Bernoulli mixture and doubly stochastic models. We show that
multiple sensitivities can be derived based on the second method. This suggests to combined
all sample-mean estimators to further improve the estimation performance. We test the kernel
estimator, various sample-mean estimators and the combined estimator through three examples
and also compare them with the estimators derived by LR method, and the numerical results show
that various sample-mean estimators by our method often work well.

For future work, we will study how to estimate sensitivities when the joint defaults are modeled
using frailty models or self excited models, which are closely related to doubly stochastic models
but are capable of capturing default clustering effects (see, for instance Giesecke et al. (2010)
for a thorough introduction of these models). In these models, the intensity function may not
be continuous with respect to the parameter that we want to take derivative to. Therefore, the
conditions of Theorem 1 may not hold and the sensitivities may be more difficult to estimate than

under doubly stochastic models.
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Electronic Companion

EC.1. Technical Remarks

Proof of Corollary 1. Let X(0)=max;—1 __x X;(f). Then X () is non-differentiable when there
exist some i # j such that X(0) = X;(0) = X;(6) or X,(0) is non-differentiable for £ =1,2,... k.
Because X, () is differentiable w.p.1 and Pr{X;(0) = X;(0)} =0, X () is also differentiable w.p.1
at any 0 € N'(6y). Let K= Zle K;. Then, E[K] < 0o and |X (6 + A0) — X (6p)| < K -|A| for any
A6 that is close enough to 0.

Let i* = argmax;_, _,X;(#). Then, X'(§) = X/.(0) w.p.1. Note that

.....

$(6,1) = BIX (0 X(0) =1] = BIX0(0): X ZE O)1 1oy X,(0) = 1]
=) E|X H Lix,o<xi0; X sz 0,1).
i=1 G=1,j#i

Therefore, 1(6,t) is continuous at (6y,0) because ,;(0,t) are continuous at (6, 0). Then, the con-

clusion of this corollary follows directly from Lemma 1.

Verification of Conditions (al)-(a3). We next verify that Conditions (al)—(a3) in Section 3.1
imply the conditions of Theorem 1. Note that X;(f) =¢; — T;(f) and ¢; is a continuous random
variable that is independent of all other variable factors, so Conditions 1 and 2 of Theorem 1 are

satisfied. Furthermore, note that

Vi(0,y) = — H 1{(_1)%‘ le;—T;(0)]<y} € = T:(0)+y| -

j=1.j#i

Let &, denote all random factors other than ¢;. Note that £, and ¢; are mutually independent, and

Y;(0) and Y’ (0) are fully determined when &, is given. By conditioning on &;, we have

}

m

H L1 -r;0)<pyi € = Ti(0) +y ‘ §i

j=1,j#i

vi(0,y) = —E{E (0

=—E|T0) ]I Yenoirmen B [1%fi=Ti(9)+y ’ Ti(ﬁ)}
J=1.j#

- IT ticnmigrsonen - fa (Ti0) +9) | (EC.1)
=171

where Equation (EC.1) follows from Equation (2) and the independence between ¢; and Y;(6).
Given the conditions of the theorem, we can easily check that the term inside of the expectation of

Equation (EC.1) is continuous w.p.1 with respect to (6,y) and is dominated by a random variable
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K;B, with a finite first moment. Then, by the dominated convergence theorem (Durrett 2005),
¥;(0,y) is continuous in (#,y), i.e., Condition 3 of Theorem 1 also holds. Therefore, the conclusion
of Theorem 1 holds.

Then, by Theorem 1,

p'(0) = Z E{lg(L-i+1)—g(L-)]-Ti(0); e =T}

= B{lg(Li+1) —g (L] Ti(0) - S (Yo)},

where the last equation can be derived similar to Equation (EC.1).

Derivation of the LR estimator in Section 5.3. Since the parameter S;(0) can be viewed as a
distributional parameter under the discretization scheme in Equation (31), we now apply the
conditioning technique in Hong and Liu (2010) to derive the LR estimator in Equation (32).

Let fi(+|si—1) denote the conditional density function of Sl( ;) given that Sl( ie1) = Si—1, 1 =

1,2,...,k. By Equation (24),
B 1 oz S1(0) — 11 (0,51(0)) At
a0 = s (TR B ONE),

where ¢(+) is the density function of standard normal distribution. Then, the SF can be expressed

as

SF = de( 0) log (fl <Sl(t1)"91( )))
~ Si(ta) = S1(0) = 11 (0,8,(0)) A .

[ 1 ( L (0,51(0))>
o1 (0,5:(0)) VAL 01 (0,5,(0)) VAL d51(0)

Si(t1) = $1(0) = 1 (0,5:(0)) At do, (0, 51 (0)) 1 doy (0,5,(0))
o7 (0,5,(0)) VAt S (0 1(0,51(0))  dS:(0)
(sAl(tl)—mmAt)z—afsl( )At—(l—mAt)QSf( 0)
= 50252 (0) At : (EC2)

where Equation (EC.2) is by plugging Equation (30) with ¢ =1. Then, the LR estimator is

(E(tl) - ,wlm) — 025, (0)At — (1 — kA1) S2(0)

EC.2. SPA Estimators in A Latent Variable Model

We now use Example 3 (The model of Bassamboo et al. (2008)) to derive SPA estimators. We
consider only the case that the performance function is g(L) = 1;7,;. In fact, it is not clear how
to derive SPA estimators for general performance functions. Conditioning on {Z,£},

i=1
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0d\E — pZ
- Pr{elgH‘Z 5} Pr{le{y<d}>y—l1 Zé’}

0d,\E — pZ
+Pr{€1 H‘Z 8} Pr{le{y<d}>y‘Z g}

We can recursively use the same approach to deal with Plr{X::Z2 lilgvi<ay >y —1

Z,é’} and
Pr {222 lilyy,<ay > y‘Z,E}. Then, after m iterations, we have

0d,E — pZ _ (0d;E—pZ
Elg(L)|Z,&] = Z HF€z< Vi—p? > HFéi <m> '1{21-631 Li>y}> (EC.3)

s€S(m)ies! i€s0
where F_,(-) is the cumulative distribution function (cdf) of ¢, F.,(-)=1— F.,(-), and . (m) =
{0,1}™ with s' denoting the set of default obligors and s° denoting the set of non-default obligors.
Because the closed-form expresson in Equation (EC.3) is Lipschitz continuous, then we can apply
SPA method to obtain a SPA estimator,

y6) = gEElwIzE)—E{ b [g(L>|Z,5]}

| [ ) B

jest i€sl,i#j
0d;& — PZ> 0d;E — pZ d.£
L7 (52 - 0, (22
0d;& pZ> _ <9di5—pz)
Fe, Fo(——=5) 1z a . (EC.4)
1% (425 T (555 v
Similarly, by conditioning on {&,€y,...,€,}, we know that
9d7g— 1— 261'
Bl e coen] = Y Pr{U{Zg VI= 7
s€7(m) ies! p

0d;E — /1 — p?e;
U {Z> \p/ip } 67617"'76771} ‘1{2i631li>y}
i€s0

0d & — /1 —p2e; 0do& — /1 — p?e0
= Z FZ * = — FZ * *

s€S (m) P p

-1 -1 ,
{0d,1E—/1=p%e,1 >0d,0E—/1=p%c0} i li>yh
0d;E—/1—p2¢ . 0d;E—/1—p2¢
where i} = argmin,_ {Zpl} and 70 = argmax; ;o {H . Then,

p p

, 0d & —/1—pPer\ da& 0doE —/1—p?€0\ dp€&
p(Q):E{ Z [fZ( * *). * _fZ< * A I

se(m) p p P P

'l{edil £—\/1-p2c,1>0d,06—/1-p2e0} 1{21'651 li>y} } (EC.5)
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There are several things we would like to point out. First, the reason we can easily derive
multiple SPA estimators is because of the general closed-form expression in Equation (3) (also
Equations (7) and (8) in Section 3), which implies the possibility of deriving SPA estimators under
some transformations. In fact, if we write Equations (11) and (13) into the combinatorial form,
we find that Equation (EC.4) is the same as Equation (11) and Equation (EC.5) is the same as
Equation (13). Second, however, without the general form of Equation (3), it is not easy to convert
Equations (EC.4) and (EC.5) into the neat form as in (11) and (13). Therefore, the computational
complexity of both (EC.4) and (EC.5) are at least O(2™), which is much higher compared with
their counterpart in (11) and (13) in the paper.

EC.3. Extension to Sensitivities of VaR and CVaR
Our method can be extended to compute the sensitivity of VaR and Conditional VaR (CVaR)
when [; are mutually independent continuous random variables and independent with X, for all
i,7=1,2,...,m. Then the cdf Fy(-) of the loss function L is continuous except at the point 0. In
general, when computing the sensitivity of VaR or CVaR with respect L, we are interested in the
event that the loss is beyond some large threshold y (which is typically greater than 0), so the
discontinuity at 0 will not cause any problem. Note that if we restrict I; to be constant, then L
become a discrete random variable with cdf F7(-) be a step function. Then the sensitivity of the
VaR or the CVaR may become hard to analyze since the perturbation of 8 may lead to a dramatic
change or no change of the value of VaR depending on whether the level a (defined later on) is
at an exact probability mass point or not. Interested readers may be referred to Rockafellar and
Uryasev (2002) for representing the CVaR for general loss functions as an expectation of properly
modified tail distribution.

Considering [;, i =1,2,...,m, as continuous random variables, then L is a continuous random
variable except at the point 0, where Pr(L =0)=Pr (X, >0, for all i =1,2,...,m) > 0. Generally,
when computing the sensitivity of VaR with respect to L, we are interested in the event that the

loss is beyond some large threshold y, which is typically greater than 0.

EC.3.1. The sensitivity of VaR

Let Fr(y) =Pr(L <y) be the cdf of L. Define the VaR at level o (a-VaR) of L as v, = inf{y:
F1(y) > a}. Then for v, # 0, the equality can be achieved with F(v,) = . To estimate v/ (), we
write Fp(v,) =« as Fr(v,(0),0) = o and take derivative with respect to 6 on both sides, which

yields

Oy FL(Y,0)ly=va(0) - Vo (0) + 0o FL(y, 0)ly=va(e) = O-
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Then,

aGFL (yv 0) _ 89FL(yv 9)

K (9) B ayFL(% 9)

=2 D/ , (EC.6)
v=m®)  J2W0) L)

where f1.(y,0) denote the pdf of L. Then our goal is to calculate 0y F(v,(0),0) and f1(v.(0),0)
respectively. The numerator on the right-hand-side of Equation (EC.6)

d
0o FL(va(0),0) = a0 [1{L(0)<y}] ‘y:va(e)' (EC.7)
Letting ¢g(L) = 1{1(9)<y}, then Equation (EC.7) can be handled by the conditional technique in

Section 2. We just summarize the result as follows,

d

st tee <y}]) w):—Z E{[1i iricoy =L <] - Xi(0); X =0}

y=va(0)’
where L_; =>"" lj - 1{x,<0}- The denominator on the right-hand-side of Equation (EC.6)

j=1,j#1"J
Fi(y+Ay) — Fr(y)

fr(y,8) = Alifilo Ay
g E [1(10)<y+a0) — LiL@o)<u)]
= lim .
Ay—0 Ay

Then, we may choose a proper Ay to approximate fr(y,0) at y =v,(#), which can be viewed as the
kernel method. Another way is to apply the conditional Monte Carlo derived in Fu et al. (2009).

Basically, it requires to find some random variable Y () such that
Fy(y,0) =E[Pr{L(0) <ylY (6)}] =E[G(y, Y (0),0)],
where G(y,Y (0),0) is differential w.p.1 with respect to y and
Gy +Ay,Y(0),0) - G(y,Y(0),0)| < K|Ay], (EC.8)
for some random variable K with E[K] < co. Then,

fL< )’y va () = [8 G(yv (0)70)] ‘yzva(e)' (EC'Q)

The closed-form expression of G may be complicated, but the idea behind is straightforward. By
conditioning on some random variable Y (#), we can write F;, as an expectation of a function of cdf’s
and pdf’s with closed-form. In addition, the condition of (EC.8) can be easily verified after giving
the closed-form of G (which should be satisfied due to the differentiability of F at y=wv,(0)).
Equations (EC.7) and (EC.9) together provide the estimator v/ (6) in Equation (EC.6). Now we
derive a general closed-form expression of G given the form of loss function L in our paper. Suppose

we may write X; =n; — A;, where 7; is an idiosyncratic random variable which is independent of
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all other random variables. Let H;(-) and h;(-) be the cdf and pdf of n;, respectively. Let F;(-) be
the cdf of I; and F;(-) =1 — F;(-). Then,

Pr {le . 1{77i<Ai} S y‘AbA?a LR 7Am}

i=1

Fi(y,0)=E (EC.10)

For any y >0,

Pr {le : 1{7]¢<Ai} < y’AbAQa B 'aAm}

i=1

=Pr{m < A;|A;}-Pr {ll <y-— Zli m<ay

=2

A27A3>"'>Am}

+Pr{771 2A1|A1} Pr{zlz : 1{7]¢<Ai} Sy A27A37' . 7Am}
i=2
:F1(A1)'E H, (y_zli']-{m<,4i}> ‘A27A37“'7Am
i=2

+F1(A1) Pr{le '1{"71'<Ai} gy‘A27A3’...,Am} .

=2

Recursively, we can use the same approach to analyze Pr {Z:’iQ li-1gp<a,y < y’Az,Ag, .. ,Am}.

Then, after m iterations, we obtain that

Pr{zli‘l{m‘<Ai} Sy‘Al,Ag,...,Am}
i=1
Hi (y_ Z lj .1{7]j<Aj}>

j=it+1

Ai+1;Ai+27 L 7Am

i=1

- {Fi(Ai)-E

+E

m i—1
Fi(4;)- H, (Z/— > lj'l{nj<Aj}> 1)
j=1

j=i+1

H Fi(A)

Differentiating F7,(y) with respect to y yields

m i—1
Fi(Ai) - b (y— Z lj'l{nj<Aj}) H i(4;)
j=1

j=it1

m

fr(y) :ZE

i=1

EC.3.2. The sensitivity of CVaR
According to Acerbi and Tasche (2002), the CVaR is equivalent to the expected shortfall (ES)
when L is a real integrable random variable (i.e., E[|L|] < c0). In addition, L is continuous in the

neighborhood of v, (which is the a-VaR), then CVaR at level a (denoted by a-CVaR) of L is

1
Uq = Vg + EE[(L — 'Ua),L Z Ua],
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which is also known as the tail conditional expectation. We are interested to calculate v/, (0). Note
that Pr{L(6) =v,(0)} =0. If we want to use the Monte Carlo method in this paper, we need to
re-derive p/(6) in Equation (6) in the paper since g(-) is a function of # now. Moreover, we define

9(x,0) = (x —04(0)) - Lizsva (o)}, then Opg(x,0) = =0, (0) - L{z>0,(0)} When v, () # x. We know that

s€S(m) i€sl i€sl i€sY

Then,

)

E [H 1ix,<0 H 1{X¢20}]

s€SL(m) iesl icsl ies0
d
+ > Elg <le>] " B [t I1 l{Xi(Q)EO}] :
s€.Z(m) i€sl i€sl ies0

=-v(0) > E {1{21-651 lizva(e)}} B [H Lixi<o [ 1{&20}]

s€S(m) icsl ies0

+ > Elg <Zl>] 'd% B[] txe<o [ 1{&(9)20}]
i€sl

s€SL(m) iesl ies0

=~V (O)E [1{21 1 lil{x; <0y Zval 9”’} > E{lg(Loi+L)—g(L)]- X/(6); X; =0}

i=1

=—(1- Z g(L_i+1;)—g(L_)] - X(0); X; =0}.

The sensitivity of a-CVaR is

Uo (0) = v (0) + 7—— - =5 E[(L(0) = va(0)); L(0) = va(0))]

21_ ZE{[ (Lo 1) Lgr_tazvaoy = Loi Lz zuaon] - X((0)5 Xi =0}
i=1

If Assumptions 1-3 in Hong and Liu (2009) hold, then we can directly apply the result in Hong
and Liu (2009) to obtain that

1

u, (0) = EE [L’(G) ) 1{L(9)2va(9)}]

I
1 m
=1-oF !(Zli : 1{X¢<«9><0}> ‘1{L(a>zva(9>}] =0,
=1

which is obviously wrong. This is because the Assumption 1 of Hong and Liu (2009) fails with

respect the loss function L considered in our paper.
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