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Abstract

In the past several decades, many ranking-and-selection (R&S) procedures have been developed
to select the best simulated system with the largest (or smallest) mean performance measure from
a finite number of alternatives. A major issue to address in these R&S problems is to balance the
trade-off between the effectiveness (i.e., making a correct selection with a high probability) and the
efficiency (i.e., using a small total number of observations). In this paper, we take a frequentist’s
point of view by setting a predetermined probability of correct selection while trying to reduce the
total sample size, that is, to improve the efficiency but also maintain the effectiveness. In particular,
in order to achieve this goal, we investigate combining various variance reduction techniques into
the fully sequential framework, resulting in different R&S procedures with either finite-time or
asymptotic statistical validity. Extensive numerical experiments show great improvement in the
efficiency of our proposed procedures as compared with several existing procedures.

Keywords: ranking and selection; control variates; conditional expectation; poststratified sam-

pling; simulation; variance reduction techniques



1 Introduction

Selecting the best system, one with the largest (or smallest) performance measure from a finite
number of alternatives, is known as a ranking-and-selection (R&S) problem in the simulation lit-
erature. The original work on R&S can be traced back at least to Bechhofer [3] that established
the indifference-zone (1Z) formulation by assuming the difference between the best and second-best
systems is greater than or equal to an IZ parameter. Since then, many procedures have been de-
signed to solve R&S problems, which in general can be classified into two categories: the Bayesian
approach and the frequentist approach. Interested readers may refer to Chick [7] and Kim and
Nelson [23] for a comprehensive review of both the Bayesian and frequentist methods.

For many existing R&S procedures in the literature, a key objective is to demonstrate their
effectiveness (i.e., a high probability of correct selection (PCS)) and efficiency (i.e., a small total
number of simulated observations). For instance, the OCBA (optimal computing budget allocation)
algorithm in Chen et al. [6] and the EVI (expected value of information) procedures in Chick and
Inoue [8, 9], under the Bayesian approach, attempt to allocate a given number of simulation budgets
to maximize the posterior PCS, while fully sequential procedures such as Paulson’s procedure in
Paulson [34] and the KN family procedures in Kim and Nelson [21, 22] under the IZ formulation of
frequentist approach allow for early elimination of inferior systems. All of these approaches show
that they can achieve the objective of either high effectiveness or high efficiency, depending on the
particular problem formulations. It is worth pointing out that common random number (CRN)
techniques have been introduced in EVI and KN procedures to further improve the efficiency.

A correct implementation of CRN would introduce a positive correlation between any pair of
systems, thereby reducing the variance in the difference between two systems. In addition to CRN,
there are various variance reduction techniques (VRTSs) developed in the simulation literature that
can directly reduce the variance of each individual system, and therefore lead to an additional
benefit when applied to solve R&S problems. As shown in Nelson and Staum [32], Tsai et al.
[44] and Tsai and Nelson [43], the control variate (CV) technique has been successfully adapted
to R&S procedures to obtain greater statistical efficiency as compared to ordinary sample-mean-
based procedures. In particular, Nelson and Staum [32] proposed a screening and a two-stage
selection procedure that can efficiently employ CV estimators. Tsai et al. [44] derived a combined
approach that uses a CV screening procedure to remove inferior systems in the first stage and then
employs a CV selection procedure to the surviving systems in the second stage. Tsai and Nelson
[43] developed fully sequential selection procedures based on controlled sum (CS) estimators (which
is a variation of CV estimators; see Section 3.1 for more details). In this paper, we consider more

complicated integrated VRTs rather than simple CV methods, and incorporate these VRTs into a



fully sequential framework under the IZ formulation.

When combining various integrated VRTs in a fully sequential framework, we notice that some
of the existing VRTs may not always be applicable as we investigate the raw sum of a system’s
outputs. Take the poststratified sampling (PS) method for example, where some strata may be
empty (i.e., none of the simulated observations falls in a particular stratum) and the total sample
size is small, which makes the PS estimator unsuitable at the beginning. However, as the sample
size increases, the possibility of empty strata decreases. This motivates us to study the asymptotic
properties of the newly designed, fully sequential procedures in a limiting regime in which the
1Z parameter goes to zero. It is often useful to combine the CV and conditional expectation
(CE) techniques (see Section 3.2 for more details). As illustrated in Minh [30], the CE estimator
may not be applicable in some scenarios. Then, the application of partial conditional expectation
(PCE) estimators seems more attractive and is thus more widely used. Roughly speaking, as we
simulate a sequence of observations from one system, some of them can be applied with the CE
technique and thus contribute to a CV+CE combined estimator, while some may not and thus
contribute only to a CV estimator. Then, the PCE technique allows the use of both estimators in
the elimination process, resulting an additional reduction in the total sample size in the procedure.
The contributions of this paper are two-fold: (1) derive closed-form expressions of the variances of
CV+CE combined and CV+PS combined estimators, respectively, and provide analytical results
that can evaluate or quantify the efficiency improvement compared with the ordinary CV estimator;
(2) based on that, design fully sequential procedures that can exploit the benefits of adopting the
integrated VRTs into sequential R&S settings.

1.1 Literature Review

Our work is mainly related to two streams of simulation literature. The first concerns integrated
VRT strategies in the simulation literature. Grant [17] considered the pairwise combinations of
antithetic variates (AV), CV and PS in a general context, in which they found that AV+PS is
infeasible theoretically, and CV+PS outperforms CV+AV based on the simulation experimental
results for the stochastic shortest route problem. Their empirical results also indicated that the
combined CV+PS technique works better than either CV or PS used individually. The combined
scheme with CV and stratified sampling (SS) was studied by L’Ecuyer and Buist [28] within the
content of a call center simulation model, where stratification was applied to uniform random num-
bers driving the simulation. Sabuncuoglu et al. [39] investigated the experimental performance of
individual use of different VRTSs, including CV, AV, PS and Latin hypercube sampling (LHS), as
well as the combined CV+AV and CV+LHS schemes. They considered three classical simulation

models, i.e., M/M/1 queueing, a serial production line, and (s, S) inventory control systems, and



the experimental results (for the single use of VRT) showed that CV exhibits the best performance
followed by PS. They also found that the output techniques (i.e., CV and PS) are superior to
the input techniques (i.e., AV and LHS), especially when the systems under examination become
more complex. A framework for integrated use of different VRTSs, including the input techniques
of AV and LHS as well as the output techniques of CV and CE, was established in Avramidis
and Wilson [2], providing sufficient conditions under which the combined schemes are superior to
their constituent VRT. These individual VRTs and integrated variance reduction strategies were
implemented and compared via simulation experiments on stochastic activity networks, and the
experimental results also revealed that the CE technique delivers the best efficiency among the
individual VRTs they examined. The CV+CE scheme was investigated by Ross and Lin [37] to
estimate the expected delay in an M/M/1 queue. These CV+CE schemes in both of the afore-
mentioned papers are adopted in our current work, which can be considered as a natural estimator
corresponding to our CV+CE Combined Models I and II (see Sections 3.2.1 and 3.2.2). It is worth-
while noting that most of the existing works evaluated the performance of each combined method
in specific stochastic systems and drew conclusions only based on the simulation experiments.

The second stream of simulation literature concerns fully sequential R&S procedures under
1Z formulation. As mentioned before, the 1Z formulation was first proposed by Bechhofer [3]
(providing a single-stage procedure with a fixed sample size) and later incorporated into the fully
sequential scheme by Paulson [34]. Kim and Nelson [21] generalized Paulson’s result to unknown
and unequal variance cases with a tight bound based on the results of Fabian [12]. Most fully
sequential procedures, e.g., Paulson’s procedure in Paulson [34] and the KN procedure in Kim and
Nelson [21], take a single observation from each system still in contention at each stage (which is
called the vector-at-a-time (VT) sampling rule in Jennison et al. [20] or the round-robin rule in Luo
et al. [29]), and eliminate systems whenever they are statistically inferior. It has been shown that,
in general, early elimination due to the fully sequential nature of simulations will greatly reduce the
total computational effort compared with multi-stage procedures, such as the single-stage procedure
in Bechhofer [3] and the two-stage procedure in Rinott [35]. More sophisticated sampling rules other
than VT have demonstrated additional statistical efficiency, such as the asymptotic sampling rules
in Jennison et al. [20] and the variance-dependent rules in Hong [19]. However, to evaluate the
advantage of integrating various VRT's and to make a fair comparison with KN-like procedures, we
focus on the VT sampling rules in this paper.

In addition to a sequence of papers that considered CV techniques in R&S procedures (e.g.,
Nelson and Staum [32], Tsai and Nelson [43] and Tsai et al. [44]), there is one more related work
of Tsai and Kuo [42], which further exploited models combining CV and input techniques (i.e.,
CV+AV and CV+LHS). A summary of existing research work on VRTSs is given in Table 1, which



Table 1: Summary of the research work on VRTs.

Papers Contributions VRTs used Problems or procedures studied
Grant [17] Comparison CV+PS, CV4+AV Stochastic routing problem
L’Ecuyer and Buist [28] Comparison CV+SS Call center system
Sabuncuoglu et al. [39] Comparison CV+AV, CV+LHS  M/M/1 queue, production line,

and inventory system
Ross and Lin [37] Comparison CV+CE M/M/1 queue
Avramidis and Wilson [2]  Comparison  Combinations among  Stochastic activity network

AV, LHS, CV and CE

Nelson and Staum [32] R&S CvV Screening and two-stage selection
Tsai et al. [44] R&S CV Combined screening and selection
Tsai and Nelson [43] R&S CV Fully sequential procedure
Tsai and Kuo [42] R&S CV+AV, CV+LHS  Screening, two-stage,

and fully sequential procedures
Current work R&S CV+CE, CV+PCE, Fully sequential procedures

and CV+PS

includes (i) comparative studies to test some of the VRTs under various experimental conditions;
and (ii) specifically developed R&S procedures to exploit VRTs. Different from Tsai and Kuo [42], in
this paper, we consider combined models of CV with output techniques (i.e., CV+CE and CV+PS),
and design new fully sequential procedures when combined models may sometimes not be applicable
(which motivates us to use CV4+PCE). This research work is also motivated by the observation
that output techniques can often obtain more statistical efficiency than input techniques, as shown
in the related literature (e.g., Avramidis and Wilson [2], Grant [17], and Sabuncuoglu et al. [39]).
We also note that the aforementioned CV+PS scheme in the literature assumes a fixed sample size
and requires implementing the regression for each stratum. It is therefore not appropriate for direct
use in fully sequential procedures (see Section 4.2 for more arguments). Such difficulties drive us to
study statistical effectiveness and efficiency in an asymptotic regime in addition to the finite-time
properties.

The rest of this article is organized as follows: In Section 2, we develop a general fully sequential
procedure (FSP) without introducing the detailed notions of VRTs. A brief review of individual
VRTs and the derivation of the combined models, especially CV+CE, are provided in Section 3.
The details of the CV+PS combined model and its corresponding FSP are then given in Section 4.
We also provide an extensive numerical study and a realistic illustration in Sections 5 and 6, respec-
tively, and make some concluding remarks in Section 7. The proof, the details of the benchmark

procedures, and the numerical results for FSP with CV+CE models are contained in the Appendix.



2 Overview of the Proposed Fully Sequential Procedure

Suppose that we intend to select the best system with the largest mean performance measure among
a set of k system designs with unknown mean 6;, i = 1,2,...,k. Under the IZ formulation, we
further assume that 81 — 9 > € > ... > 6, where 6 > 0 is the IZ parameter representing the
practically significant difference in the expected performance that is worth detecting. The original
unknown variance of system i is denoted by o2, which can be reduced to u? after successfully
applying the CV technique, for instance, as shown in Tsai and Nelson [43]. In this paper, we
consider the application of more sophisticated integrated VRTs to further reduce the variance to
vf , Where 02-2 < uf < 0?, 1=1,2,..., k. Then, an FSP with finite-sample statistical validity that can
exploit the aforementioned integrated VRTS, especially in the case of various CV4+CE combined
models, can be designed in a similar fashion as in Tsai and Nelson [43], which is presented in
Appendix B.1.

Meanwhile, it is worthwhile noticing that the implementation of integrated VRTSs is not always
applicable as the implementation of CV. We have to admit that the uncertainty of whether being
able to apply integrated VRT's or not could cause potential difficulties as we analyze the finite-time
statistical validity, which drives us to study the asymptotic properties in the regime where the
1Z parameter § — 0. This asymptotic regime 6 — 0 was also used by Kim and Nelson [22] in
analyzing steady-state simulation observations and by Luo et al. [29] for designing fully sequential
procedures in parallel computing environments. In the following subsection we introduce a new
FSP that can employ CV4+PCE estimators (the details for which are discussed in Section 3) and
feature the variance updating mechanism. The statistical validity of the proposed procedure in the

asymptotic regime (i.e., § — 0) is shown in Appendix A.

2.1 Fully Sequential Procedure with CV+PCE

A major issue one faces when using the CE technique is that sometimes it is difficult to find a
conditional variable for which the CE estimators can be obtained for all simulation replications.
The following are examples where some observations from one system may not be applied with the
CE technique: (a) we want to estimate the average annual salary of a country, and know exactly
the average salary of all government officers (but not the rest of the population); (b) we want
to estimate the expected waiting time for the G/G/1 queue with the first-in-first-out discipline as
employing the Lindley equation. Minh [30] illustrated that the CE technique can only be applicable
when the difference between the service time and interarrival time of the nth customer is greater
than or equal to zero; (¢) we want to estimate the expected waiting time for a queue where there

are two classes of customers with different service time distributions (e.g., exponential and normal).



We use the number of customers waiting ahead in line when each customer just enters the system
as the conditional variable. The CE technique can only be applied when the service time of the
customer in process follows an exponential distribution (see Section 6.2 for more details); (d) we
want to estimate the expected time to failure of a complex system that consists of several dependent
components with various degradation mechanisms. The application of CE seems possible only when
the component degradation is not observed or not evident in some system scenarios (Zille et al.
7).

We propose using the CV4+PCE technique which employs a CV+CE combined estimator when
some replications from one system can be applied with the CE technique, while uses a pure CV
estimator in some replications when the CE technique cannot be applied. For notational simplicity,
let X;; denote the original jth observation taken from system ¢, whose mean and variance are
f; and 01-2, for © = 1,2,...,k. We then check whether the integrated VRT can be applied to
that observation. If it can, then we obtain an outcome, denoted as Vj,, the fth observation after
applying the integrated VRT (e.g., CV4+CE). Otherwise, we obtain an outcome, denoted as Uj;,
the jth observation after simply applying the CV technique. Both Vj, and U;; are assumed to have

the same mean 6;, but different variances, v and u?, respectively. Under some conditions (which

i
are discussed in Section 3.2), we can make sure that vl- < u? holds for all i =1,2,... k.

In designing fully sequential procedures, we assume that we take only one observation for each
system still in contention at each stage. At stage r, let m;. and n; denote the total number
of observations obtained by CV and CV+CE, respectively. Then, m;, and n;. are non-decreasing
random variables as r increases, and m;.+n;- = r. Note that the various VRT's will intend to reduce
the variability of outputs without affecting the mean performance. To fully take the advantage of

this, we continue updating the variance at each stage.

Let U;(-), U2(-), Vi(+) and V2(-) be defined as follows,

Ui(mir) iUw, and U (miy) i Us, (1)
7=1

Vi(ng) = Z”:Vw, and V2 (nir) z”: (2)
/=1

Then the unbiased sample variance estimators when m;,. > 2 and n;. > 2 are

1

Stvlin) = e |0 - L O ®)

ir

Sy scnlir) = [Vf(mr)—l(‘/%(mr))z]- ()

ir

When m; = 0,1 or n; = 0,1, we may artificially define S%V(i,r) =0 or Sév+CE(i,r) = 0.



This should be fine in the asymptotic regime where we make the assumption that m;. — oo and
ni — 00 as r — oo (see Theorem 1 for a rigorous statement of the asymptotic regime). In Step 0
of Procedure 1, we let the first-stage sample size ng > 3 to avoid a trivial case in which we cannot
calculate the sample variance.

We are now ready to present the procedure. For simplicity of presentation, we here omit the
detailed parameter settings, e.g., estimating the unknown multiplier parameter in a regression

model, which is further discussed in Sections 3.2 and 5.2.1.

Procedure 1 (Fully Sequential Procedure with CV+PCE).

Step 0. Setup: Select confidence level 1/k < 1 — a < 1, IZ parameter § > 0, and the first-stage
sample size ng > 3. Let a = —log [2a/(k — 1)].

Step 1. Initialization: Let I = {1,2,...,k} be the set of systems still in contention. Let r be
the observation counter. Set r = ng. Take r samples from system 4, resulting m;, samples
of {Ujj,7 = 1,...,my} and ng samples of {Vjy,£ = 1,...,n4}, where mj. + nj = r. Let
Ui(mgy) = Uf(mi,«) = 0 and V;(ns) = V;Q(nir) = 0. If my > 0 or n; > 0, then update
Ui(mi), U2(my), Vi(nir) and V2(n;,) according to Equations (1) and (2).

Let Sgy(i,r) = 0 and Sév+CE(z’,T) = 0. If mjy > 2 or n; > 2, then update SZ(i,r) or

Sev4cr(i, ) according to Equations (3) and (4).

Step 2. Elimination: For any pair of systems ¢ and h in I, i # h, compute

R 1 ) .

oo(r) = - [miTS%V(z, )+ ”irS%v+CE(% r) 4 maeSey(h,7) + nhTS%VJrCE(hv r], (5)
1

Zin(r) = . [Ui(mir) + Vi(nir) — Un(mpy) — Vi ()] - (6)

Set 1°Md = . Let

52
I =101\ {z e 1°: Zy(r) < min {O, —ngh(r) + ;} for some h € I and h # i},
r

where A\ B={z:2 € A and z ¢ B}.

Step 3. Stopping Rule: If |[I| = 1, then stop and select the system whose index is in I as
the best. Otherwise, let 7 = r + 1 and take the rth sample from system ¢ € I. If the
rth sample is from Uj., then update m;, = m;,—1 + 1, Uj(my,) = Ui(miy — 1) + Uy, and
UZ(mir) = U (my — 1) + Ufm”. If the rth sample is from V., then update n; = n;,—1 + 1,
Vi(nir) = Vi(nir — 1) + Vip,, and V2(ng) = V2 (i — 1) + anw Also update S%V(i,r) or
S&vcp(ir) according to Equations (3) or (4). Then go to Step 2.

7



Even though Procedure 1 is designed for integrating the CV and PCE techniques, it can be easily
generalized to employ other combined VRT models, with specifying other parameters in Step 0 and
Step 1 as well as the particular variance and mean-difference estimators in Equations (5) and (6)
in Step 2. For instance, we consider three different CV+CE combined models in Section 3.2,
which can also be applied in the same fashion as in Procedure 1. We now state the main theorem

as follows.

Theorem 1. Let U;; and Vi, denote the jth and (th observations from system i, i = 1,2,...,k,
that being applied CV and CV+CE techniques, respectively. We assume that systems i and h are
independently simulated for any i # h. Let 0; = E[U;;] = E[Vi/] be the unknown mean of system i
and u? = Var[U;j] and v} = Var[Vy(] be the unknown but finite variances with v} < u?. Moreover, we
assume that U;; and Vi are independent of each other for any j and £. Without loss of generality,
we let 01—0 > 09 > ... > Ok, where 0 is the 1Z parameter. Let the first-stage sample size ng = ngy(0)
be a function of § such that ng — oo and 6°>ng — 0 as § — 0. Let my and n;,. denote the sample
size of {Uij,j =1,...,myp} and {Vie, 0 = 1,...,n4} at stage r, which is also a function of §. We
assume that mj — oo and n, — oo, and my./r — p; and ng/r — 1 — p;, where p; is some
unknown constant in [0,1], as 6 — 0 (implying that r — o). Then, as 6 — 0, Procedure 1 selects

system 1 as the best with a probability at least 1 — .

The proof follows a similar argument as in Luo et al. [29]. The main step is to construct a
modified stochastic process of Zzh() and show that it converges to a Brownian motion process, for

which the detailed derivation is presented in Appendix A.

3 VRTs and Combined Models of CV and CE

The three classes of VRT's considered in this paper are control variate (CV), conditional expectation
(CE) and poststratified sampling (PS) techniques. They all share the same feature where one or
multiple auxiliary random variables must be identified before implementation. CV is generally
applicable and can achieve efficiency gains by exploiting the intrinsic linear relationship between
the output and the selected input random variables (called control variables) whose expectations
are known. The choice of appropriate control variables is essential to realizing the benefits of
variance reduction. The idea of CE is to replace the basic estimator by an expectation conditioning
on a concomitant random variable (called a conditional variable) that remains available during the
course of the simulation. Although the application of CE is problem-dependent, it can guarantee
the effectiveness of variance reduction if implemented. When employing the PS technique, instead
of sampling conditionally from the specified stratum, we simply perform ordinary independent

sampling and then classify the observations into the appropriate stratum defined in terms of an



auxiliary random variable (called a stratification variable) whose exact distribution is known. The
stratified sampling estimator is employed to eliminate sampling variability across strata (without
affecting the intra-stratum variability), thus delivering a smaller variance compared to the ordinary
sample mean. In this section, we mainly focus on the CV, CE techniques and their combined
models. The results of combining CV and PS are deferred to Section 4.

Let Y;; represent the simulation output from the jth replication of system i, for i = 1,2,... k.

The ordinary sample-mean-based R&S procedures assume that
Yi; = 0; + nij,

where 7;; is the error term, which is assumed to be an independently and identically distributed
(ii.d.) N(0,0?) random variables with ¢ unknown for all 4 and j. The standard estimator of 6;

across n simulation replications is the sample mean

which is unbiased and has the variance o2 /n.

3.1 Control Variates and Conditional Expectations

We first review the linear CV model (referred to as Model 0), and the following description is
primarily based on Tsai and Nelson [43]. Let Y;; and C;; represent the simulation outputs and
functions of inputs, respectively, from the jth replication of system ¢ for ¢ = 1,2,..., k. Suppose

that the intrinsic relationship between them can be described by the following linear model:
Yij = 0i+ (Cij — )" B; + €ij,

where 6; is the unknown true mean of Y;;. The ¢; x 1 vector C;; is called the control variable
and is assumed to be multivariate normal with a known mean vector p,. The multiplier 3, is a
¢; x 1 vector of unknown constants, and €;; is the error term that is assumed to be an i.i.d. N(0, 7'22)
random variable. The Y;; are i.i.d. N(6;,0?) random variables with both ¢; and o2 unknown and
perhaps unequal.

We apply a linear regression analysis on Model 0 to produce the following linear CV point
estimator of 6;:

é\cv(i,n) = Yi(n) - (Cz(n) - Ni) Bz(n)a



where

B 1 n B 1 n
Yi(n):gzyﬁ and Ci(n)=—)_ Cy,
j=1

Bi(n) =Sl (n)Sc,y, (n) (7)

where Sc, (n) is the sample variance-covariance matrix of C;;, and Sg,y, (n) is the sample covariance

vector between C;; and Yj;. The expectation and variance of gcv(z', n) can be shown as follows:

Effcy(in)] = 6; and  Varffoy(i,n)] = ("‘2> i (8)

n—gq; —2

where 72 = (1 — R?)o? and R? is the square of the multiple correlation coefficient between Y;; and

Ci;. The term (n —2)/(n — ¢; — 2) is known as the loss ratio, which quantifies the efficiency loss
due to the estimation of the unknown multiplier 3;.

The standard CV estimator is statistically more efficient than the ordinary sample mean, but it
also requires more computational effort (i.e., the implementation of a linear regression). Tsai and
Nelson [43] proposed a variation of CV estimators, which we call controlled sum (CS) estimators,
that can be appropriately incorporated into an FSP. We need to collect preliminary-stage samples
(Y35,Cij),7 = 1,2,...,mg to compute Bi(mo) for each system i = 1,2,...,k (based on Equation
(7)). For any non-negative integers a, b, with b > a + 1, and ¢; x 1 vector Bi(WO) as just defined,

the controlled sample mean from the (a + 1)st sample to the bth sample is defined as

b

Vilob = 3 [Yi -~ (Cy - )" Bulmo)].
j=a+1

For all ¢ # h, define the controlled sample variance, th [a, b], as
b ~ ~ _ _ 2
= > Y~ (Cy = 1) Bilmo) = Yy + (Cnj — )" Bi(mo) = Yila,b] + Yifa.8]] . (9)

j=a+1

Suppose we also specify a first-stage sample size ng. We then take additional observations (Y;;, Ci;),j =
mgo+ 1,mg+ 2,...,mg + ng from which the controlled sample mean f@[mo, mo + ng|] and the con-

trolled sample variance th [mo, mo + np] can be derived. If the linear CV model holds then it can
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be shown that

E [Yi[mo,mo + no)] =6; and Var [Y;[mg, mo + nol] = (mo—2> i (10)
mo—¢i—2) no

See Tsai and Nelson [43] for some guidelines by which to choose an appropriate value of my.
Besides the CV technique, in some simulation models, we may be able to exploit their special
problem structure or properties, and then identify an auxiliary random vector (or a random scalar)
Xi;, which is called the conditional variable, such that the conditional expectation E[Y;;|X;;] can
possibly be evaluated analytically or numerically for every possible value of X;;. Then, without
considering CV technique, the standard CE estimator of 8; across n simulation replications is the

sample mean
n

o 1
Ocr(in) = — Z E[Y3;1Xj]
7j=1
for ¢+ = 1,2,...,k, which can be shown to be unbiased and has the variance Var[é\CE(i,n)] =
n~! (07 — E[Var(Y;;|X;)]) (see p.106 and p.118 of Ross [36]). We can immediately see that variance
reduction can be achieved (i.e., Var[fcg(i, n)] < Var[Y;(n)]) because E[Var(Y;;|X;;)] > 0.

3.2 Combined Models of CV and CE

When both the control variates and conditional expectation techniques are applicable in the sim-
ulation experiment, we expect that additional variance reduction can be achieved. Specifically,
we consider the following three combined schemes: (I) replacing the simulation output and con-
trol variables with their conditional expectations, E[Y;;|X;;] and E[C;;|X;], (II) using only the
conditional expectation of the simulation output, E[Y;;|X;;], and (III) using only the conditional
expectation of the control variables, E[C;;|X;;].

Although these combined models might only be applicable to specific problems or scenarios, in
the following subsections, we derive the analytical results to identify the conditions by which each
model can outperform the others (as well as a pure CV or CE model). To simplify the analytical
comparison between different combined models, we may require the assumption of multivariate
normality among the output and input variables (or their functions). This might be reasonable
because in a simulation experiment we collect observations across multiple replications and then
take average of them, which implies that a multivariate version of the central limit theorem can
be applied (Nelson [31], p.231). It should also be noted that in subsections 3.2.1-3.2.3, we assume
that the conditional expectations E[Y;;|X;;] and E[C;;|X;;] can be obtained analytically for every
possible value of X;;. Then, a statistically valid FSP that can efficiently employ these CV+CE

combined models can be designed in a similar fashion as in Tsai and Kuo [42] and Tsai and Nelson
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[43], which is presented in Appendix B.1. As discussed in Section 2.1, this assumption can be
relaxed to make the combined models more widely applicable since it may not be possible to apply

the CE technique in some simulation replications.

3.2.1 CV+4+CE Combined Model I

This subsection presents a model for combining CV and CE in such a way that both the conditional
expectation of outputs (i.e., E[Y;;|X;;]) and control variables (i.e., E[C;;|X;;]) can be evaluated
either analytically or numerically. The Combined Model I can be described as follows:

For each system 1 =1,2,...k,
EY; Xy = 0+ (B[Cy[Xy] — m)" B + 61(]1‘)‘

The distributions and relationship we assume for the conditional expectation of outputs and controls
are similar to those of Model 0. We then apply a linear regression to provide the point estimator

of 8; that can exploit CV and CE:

~ ) _ _ T (1)
I cution) = 70 ) = (€ ) = ) B; (m) (11)
where
: BN - ¢ A _
0m) = — > E[Xy), Ci'n) = — D BICyIXy] and B; " (n) =S i, ()Sgmypm(n) (12)
j:1 ]:1 i

where Sé%l) (n) is the sample variance-covariance matrix of E[C;;|X;;] and S ey ™ (n) is the sample

covariance vector between E[C;;|X;;] and E[Y;;|X;;]. We can show that 5(3(\1,)+CE(Z, n) is an unbiased

estimator of 6; and its variance is

~ (1 . n—2 Var[E[YZ|X1]]

Var HC(V)—FCE(/L7 n)} = <’n/—ql—2> (]. - R?) n J J (13)
n—2 Var[YVy] x R} x

_ 1— R? d 14

(225) a-r 2 (1)

where R/ is the square of the multiple correlation coefficient between E[Y;;|X;;] and E[C;;|X;],
and R%,’X is the square of the multiple correlation coefficient between Y;; and X;;. Equation (13)
follows because we assume that Combined Model I holds. Equation (14) follows only when we also
assume that the joint distribution of {Y;, X;‘g} is multivariate normal, in which case we can obtain
Var [E [Y;;|X;;]] = Var[Yj;] x R%X. In addition, if we also assume that Model 0 holds and compare

Equation (14) with the variance term of Equation (8), then we can obtain Var [é\c(\l,LCE(i, n)| <
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Var [gcv(i, n)} as long as the following condition is satisfied:
Ry x (1-R?) <1-Ryc.

This implies that we prefer using a set of conditional variables that has a small correlation with
the simulation output Y. As expected, we also want to obtain a significant correlation between the
two conditional expectation terms of Combined Model I. Avramidis and Wilson [2] examined the
efficiency of Combined Model I in the experiments on stochastic activity networks and showed that
§C(\l,)+CE(z,n) asymptotically dominates gcv(i, n) in terms of estimator variance under some spe-
cific assumptions. They considered the effect of variance reduction and did not apply the combined
model in a fully sequential selection procedure. By contrast, in the following subsection, we demon-
strate that in the scenario of finite samples, Combined Model I is superior to Combined Model 11
in terms of statistical efficiency (through an analytical comparison), and then show that Combined
Model II is very likely to work better than Model 0 (through a simple numerical example). In this
way, we can indirectly show that Combined Model I should be superior to Model 0. Furthermore,
following similar derivations as in Theorem 3 of Avramidis and Wilson [2] (i.e., directly comparing
Equation (13) with Var [5CE(Z', n)} ), we can obtain Var 50(\1,)+CE(Z, n)] < Var [ECE(i, n)} as long as
the sample size n is not too small (i.e., n > g;/R> +2). It should also be noted that assuming that
the joint distribution of {Yj;, CZ;,XZ;} is nonsingular multivariate normal implies that {Y;, Cz;
(for Model 0 to hold), {Y;j,Xg;- (for Equation (14) to hold), and {E[Y;;|X;], E[Ci;|Xs;]T} (for
Combined Model I to hold) are all multivariate normally distributed (see Theorems 3.3.1 and 3.3.4
of Tong [41]).

3.2.2 CV+CE Combined Model 11

Since the application of CE is problem-dependent, in some cases we may not be able to find an
appropriate conditional variable X;; that allows taking expectation for both the output and control
variables. Therefore, in this subsection we introduce another combined model in which only the
conditional expectation of the outputs can be evaluated analytically. The Combined Model II can
be described as follows:

For each system ¢t =1,2,...k,
E[Y5Xij] = 0i+(Cij—p)" B +er.
(2)

ij
Combined Model I. Based on Combined Model II, the point estimator gc(\z,LCE(i, n) can be defined

The distributions and relationships we assume for E [Yij|XZ-j}, C;j, and ¢’ are similar to those of

in a similar fashion as in Equation (11). We can also justify that gc(\Q/)JrCE(z, n) is unbiased and its
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variance is

5 (2) . B n—2 9 Var [E [Y;;]X5]]

Var |:GCV+CE(7" n)} = (’)’L—qz—2> (1 — RE[Y|X],C) - J J (15)
n—2 9 Var[Yj;] x R%/,X

_ (n - 2> (1 - RE[Y|X]’C) - . (16)

Similar to the previous model, Equation (15) follows because we assume that Combined Model II
holds. Equation (16) holds only when we also assume that the joint distribution of {YU,XZ} is
multivariate normal. We now proceed to compare the statistical efficiency of §(3(\2/)+CE(Z7”) with
that of gcv(i,n) and gc(\l,)JrCE(z,n) For the convenience of illustration, let us assume that the
conditional variable Xj; is a scalar (instead of a vector). Since E[Y;;|Xj;] is a linear function of Xj;
(when assuming that {Y;;, X;;} is bivariate normally distributed), Equation (16) can be simplified

as follows

n— 2 (1 R2 ) Va’r[)/;.]] X R%;X
n—q —2 X,C n '
Similar to the previous derivation, if we also assume that Model 0 holds, then we can obtain

Var 5(3(\2/)+CE(Z’ n)} < Var [é\cv(i, n)] as long as the following condition is satisfied:
Ry x (1-R%c) <1-Ric. (17)

The R%’ y term represents the effect of applying CE to the output, and the Rg(,c term represents
the effect of using CV to explain the variability of outputs. This derivation implies that we should
choose a conditional variable that has a small correlation with the output, but is strongly correlated
with the vector of the control variables. We assume ¢; = 1 to simplify the following analysis.
Langford et al. [26] derived a theoretically valid inequality representing the lower and upper bound
of R?C for any general distribution (when given a specified value of R2Y7 y and R?X’,C)'l However,
we then find that these bounds might be too conservative to provide conclusive results. Instead,
we simply implement simple numerical experiments to check whether the condition (17) can easily
hold or not. In each trial, we generate 300 observations of multivariate normal random vector
{Y, X,C} that conform to the pre-specified settings of R? y and R%(,C' We first sample X ~
N(0,1) and then, based on this, generate bivariate normal random vector {Y, X} and {X,C}
with zero mean and unit variance by the linear transformation of i.i.d. normal random variables

(see Section 2.3 of Chapter 11 of Devroye [11]). Table 2 then lists the minimum, average, and

'The inequality is given as follows:
q q

RyxRxc— (1-Ryyx)(1-R%c)<Rviec<RyvxRxc+ (1-R}y)(1-R%c).
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Table 2: Minimum, average, and maximum values of the estimated R%/,C among 100 trials.

R?}(,c =0.1 R%{,C =0.3 Rg{,c =0.5 R?)(,C =0.7 R%{,C =0.9
R%‘ x | min  avg max | min avg max | min avg max | min avg max | min avg max
0.1 0 0.01 0.06 0 0.03 0.09 | 0.01 0.05 0.12 | 0.02 0.07 0.15 | 0.03 0.09 0.19
0.3 0 0.03 0.11 | 0.04 0.09 0.18 | 0.08 0.15 0.24 | 0.13 021 0.31 |0.18 0.27 0.38
0.5 | 001 0.05 0.14]0.08 015 026|016 025 035|025 035 045|035 045 0.55
0.7 |0.02 0.07r 0.16 | 0.12 021 032|025 035 046|039 049 0.58 | 0.54 0.63 0.71
0.9 |0.03 0.09 019 ]0.18 027 038|035 045 054|055 063 0.70 |07 0.81 0.85

maximum of the estimated R?C among 100 trials. We can see that the condition (17) can be
satisfied in almost all scenarios, except for the extreme cases when we look at the maximum
R%/,C (among the 100 trials) with the setting of R%X = 0.9 and R%{,C = 0.1 or 0.3. Even under
these worst cases, the efficiency loss for employing Combined Model II is not significant (i.e., the
ratio between R%’ x(1— R%{,C) and (1 — R%;’C) is very close to one). We next compare Combined
Model IT with Combined Model I. To simplify the illustration, we also assume that the conditional
variable is a scalar, ¢; = 1 and {Yj;, X;;} is bivariate normally distributed. We can then have

and R]%Dm xl.c = R%@C because E[Y;;|X;;] is a linear function of Xj;. Recall
that R2 _ _Cov’IxE[Cc|X]) Cov’[x.c]
X,E[C|X] Var[x]-Var[E[C|X]] Var[x]-Var[C]

R%(,E[C|X} > R,QX,C because Cov [X,C| = Cov [X, E[C|X]] (see Chapter 4 of Casella and Berger [5])

and Var [E[C|X]] < Var[C] (a direct result when using conditional expectation). As a consequence,

R? = R gox]

We can immediately see that

2 _
and RX,C =

we can have Var [é\c(\l,LCE(i, n)] < Var {[9\0(\2,)+CE (7,n)| when comparing Equation (14) with Equation
(16).
3.2.3 CV+4CE Combined Model III

The other combined model is used to obtain the conditional expectation of the control variables,
which can be described as follows (denoted as Combined Model III):

For each system ¢t =1,2,...k,

Yij = 0;+ (B[Cy|Xy] — p;)" 51('3) + Ez('?)'

Similar to the previous derivation, a regression analysis can be applied to this model to yield the

point estimator gé\?}LCE(z,n) Assuming that the Combined Model III holds, we can justify that
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>3 S . . . :
QC(V)JFCE(Z, n) is unbiased and its variance is

~ . n—2 Var |Y;;
Var [HC(\?’/LCE(Z’n)} = <> (1 - RY, E[CIX}) Var Y] (18)

n—q —2 n

n—2 Var[Y;;]
= ([——= ) (1-R}y) —2, 1

(n—%’—2> ( RY’X) n (19)
Equation (18) follows because we assume that Combined Model III holds. Equation (19) holds

because E [C|X] becomes a linear function of X when we also assume that the joint distribution of

{CZ-T]-, XZ} is multivariate normal (see Theorem 3.3.4 of Tong [41]). As a consequence, we can obtain
Var 5(3(\3,)+CE(Z, n)} < Var [50\/(1', n)} as long as the condition is satisfied: R%/,x > R%}C. However,
this condition might not be satisfied in general because we always prefer to choose control variables
that have a strong linear association with the outputs when considering Model 0. It should be
noted that any input random variables or variables that are generated by the simulation with

known expectation can be chosen as control variables.

4 Control Variates and Poststratified Sampling (CV+PS)

We start by introducing the concept of stratified sampling (SS), in which we discover the difficulty
related to the implementation into the fully sequential R&S framework, and therefore it motivates
us to consider the poststratified sampling (PS) technique. The general idea of SS is to divide
the sample space into L disjoint strata, and then within each stratum simple random sampling is
applied (with a sample size determined a priori). Theoretically, the efficiency improvement of SS
tends to increase as the number of strata increases. We need to identify a stratification variable
whose distribution is known exactly and let D;; denote its value for the jth replication of system .
The stratified estimator of #; can be obtained by computing the summation (over all L strata) of
the product between the probability that the variable D;; belongs to an individual stratum and its
corresponding sample mean of Y;;.

Before the implementation of SS technique, we need to decide how to construct the strata
(i.e., partition the range of D into L intervals) and determine what fraction of the samples should
be allocated to each stratum. To deal with the first issue, we have two different schemes: the
equal-probability intervals and Sethi’s optimal points of stratification (Sethi [40]). The other issue
regarding the allocation fractions can also be handled using two different schemes: proportional al-
location and optimal allocation (also called Neyman allocation, see, e.g., Cochran [10] for instance).
However, the optimal allocation scheme is not directly applicable because its computation requires

prior information on the stratum’s standard deviations, which are, in general, unknown.
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4.1 Combined Model of CV and PS

We first introduce the CV+SS combined model, which provides the fundamental basis required

for the development of the target CV+PS combined estimator. Let Ay, £ = 1,2,..., L, denote
O
J

D;; € Ay. Moreover, let 91@ = E[Yigg)] = E[Y;;|D;; € A]. We also let Cgf) have the distribution
of C;; conditional on D;; € A, with a known expected value uy) = E[Cg)] = E[Cy;|D;i; € Ay.
We let Ni(e) denote the number of observations {Y;;, C;j, D;;} drawn from stratum A, (i.e., Ni(e) =

> j—1 Y{Dij € As}), where n represents the total sample size (i.e., n = ZKL:1 Ni(é)). The value of

stratum ¢ for a stratification variable D, and let Y, have the distribution of Y;; conditional on

Ni(e) is determined in advance, and simple random sampling is employed in each stratum Ay. The

CV+SS combined model can then be described as follows:
For each system i = 1,2,...k, and each stratum Ay, £ =1,2,...,L,

¢ ¢ ¢ o\T L ¢
VO = 60+ (O - ) B0+
where Cg) is the ¢; x 1 vector of control variables within stratum Ay, following a multivariate
normal distribution, while {eg)7 j=1,2,..., Ni(é)} is a set of i.i.d. N <O, (TZ-(E))2) random variables,
with (Ti(e))2 =(1- (REK))2) x Var[Y;;|D;; € Ag]. Note that (Rl(.e))2 is the square of the multiple
correlation coefficient between Yig@ and Cgf), which is also called the partial correlation coefficient;

see Theorem 3.4.3 of Tong [41]. In each stratum, the control variables {Cg), j= 1,2,... ,N-(é)}

7

(]

are also i.i.d., and they are independent of {el(f), i= 1,2,..., N»(Z)}.

A natural and intuitive way to exploit both CV and SS is to compute the standard CV estimator
within each stratum and then produce a weighted mean (e.g., Grant [17] and L’Ecuyer and Buist
[28]). However, this computational scheme is not appropriate for fully sequential procedures because
it requires implementing a linear regression whenever a new observation is obtained (i.e., in every
sampling stage). Therefore, we incorporate the concept of controlled-sum estimators into the
stratified sampling context. We first collect preliminary-stage samples (Y;;,Cij),7 = 1,2,...,mg
to compute ,@i(mo) for each system ¢ = 1,2,..., k. Based on the above CV+SS combined model,
()

the unbiased estimator of ;" can be formulated as follows:

= ) 1 ~
YON) = 5 3 [V = (CF = )T Bilmo)|.
i j=1

Let Wi(g) = Pr{D;; € Ay} denote the probability that the stratification variable D;; belongs to the
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fth stratum Ay. A natural unbiased estimator of 6; can then be given as follows:
~ L o~
Boviss(in) =y WOV N), (20)

7
(=1

The variance of the stratified controlled-sum estimator is

Var [fovsss(iom)] = 30 (W) var [P0, NO)]
=

» Var [V = (€ = u®)TB,(mo)]

. (21)
0
(=1 Ni( :
1 & .
= =Y wVar [v - (€] - u)7By(mo)] (22)
/=1

L
- %Z wi <m0_2) (1- (Rz‘g))z)var[yiﬂDij € Ay (23)

Equation (21) holds because each observation (Yig@, Cgf)) is i.i.d. within each stratum and Bi(mo)
is independent of them. We employ the proportional allocation scheme because it is easier to apply
compared with the optimal allocation scheme. Therefore we have Ni(e) =n X Wi(e), which leads
to Equation (22). Equation (23) follows from the assumed linear CV+SS combined model, with
a similar derivation as in Tsai and Nelson [43]. For an easy comparison with other models, we
would like to obtain a simplified representation of Var[Y;;|D;; € A;]. Glasserman et al. [15] showed
that E[Y;;|D;; € Ay] converges to E[Y;;|D;;] as we infinitely refine the stratification. In this case,
we can apply a linear regression on Y and then write Y;; = E[Y;;|D;;] + €5, where E[Y;;|D;;] and
€;; are uncorrelated (Glasserman [14]). If E[Y;;|D;;] is a linear function of D;;, then the variance
after applying stratification will be further reduced as the number of strata L increases, and it
will be equivalent to the residual variance when using D;; as the control variable. Consequently,
if we assume that {Yj;, D;;} is bivariate normally distributed, we can have Var[Y;;|D;; € Ay =
Var[Yj;] x (1 — R%’ p) (based on a similar derivation as in Model 0). We can see that the larger
R? p 1s, the more variance reduction will be obtained when applying the CV+SS combined model.
In addition, if we also assume that Model 0 holds and compare Equation (23) with the variance

term of Equation (10), then we can obtain Var [§CV+SS(1} n)} < Var [Y;[mo, mg + n]] as long as the

following condition is satisfied:

(2

L
Sw (1 - (R(Z))z) Var[Yi;|Dij € Af] < (1= Ry, ) Var[Vyj]. (24)
(=1
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If we assume that (Rz@)2 = R%/’C, V¢ =1,2,...,L, then the inequality is valid for sure because the
variance of the stratified sampling estimator (i.e., Y1¢_, Wi(z)Var[Y}j\Dij € Ay]) is smaller than or
equal to the original output variance (i.e., Var[Yj;]) (see Section 4.3 of Glasserman [14]). In a general
case, we simply have to assume the independence between D;; and C;; to ensure that Inequality
(24) holds (see Remark 4.1). In addition, it might be better to use the variable D;; as a stratification
variable instead of including it in the control vector C;; because of the following reasons (i.e., the
incremental benefit of using SS in a CV model might be more significant compared to another CV
model with more control variables). First, in this way we do not need to suffer more from the loss
ratio due to an increased value of g;, as presented in Equation (8) and (23) for instance. Second,
from the theoretical point of view, using the SS approach alone might reduce the variance more
compared to simply using the CV approach because CV can only remove the variance associated
with the linear part of E[Y;;|D;;] (see p.220 of Glasserman [14] for an explanation).

Let Sg (1, NZ-(K)) represent the sample variance of the controlled responses of system ¢ for those
replications whose stratification variables fall in the fth stratum. Then, a natural estimator of
Var [@\CVJFSS (1, n)] is as follows:

S L 2 ]
Var [90\/4_53(@',71)} -y (W}“)) ng(i,zvf@). (25)
=1 i
Fixed the number of strata L, we then obtain the asymptotic result as the total sample size n goes

to infinity (combining the above results with those of Section 4.3.1 in Glasserman [14]):
vn <§CV+SS(i> n) — 91‘) = N(0,€), (26)

where £2 = Zé;:l Wi(Z)Var [Yig@ — (Cg) — NEZ))T,BZ-(mO)} under the scheme of proportional alloca-
tion. Moreover, a consistent estimator of £ is Zle Wi(g) S2 (i, NZ@).

When using the SS approach, the conditional sampling process used to generate observations
falling in each stratum and computing stratum probabilities requires additional effort and is some-
times prohibitive. Therefore, the PS technique is considered in which we do not sample conditionally
from the defined stratum, but instead perform ordinary random sampling and then assign appro-
priate weights according to its falling stratum (i.e., Ni(é) is random and not decided in advance). An
obvious disadvantage of this approach is that some strata may be empty (i.e., none of the n samples
falls in the ith stratum). For the convenience of analysis, we assume that all strata are nonempty
(i.e., Ni(e) > 0 for all 7 and ¢). The combined estimator Bcv4ps (i,n) and its corresponding variance
estimator Var [§CV+pg(i,n)] are formulated in the same way as in Equations (20) and (25), and

both of them can be shown to be unbiased and independent of each other. Furthermore, we can
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also obtain the convergence result (26) for Ocyips(i,n) by applying the first-order central limit
theory (Glynn and Szechtman [16]), based on the CV+SS combined model. In other words, in
the large-sample limit we can conclude that the poststratified sampling controlled-sum estimator
§Cv+ps(i, n) is as efficient as the stratified controlled-sum estimator §CV+SS(i7 n) with proportional

stratification.

Remark 4.1. Difficulties may arise when the stratification variable D;; is correlated with the control

vector C;;, which could occur especially when D;; is a component of C;;. We then have to expend
(0 0

some computational effort to obtain p;’ and even worse, it is not clear whether R, is smaller or
larger than Ry c. If Ry) is strictly smaller than Ry ¢, the overall variance may be increased when
using the combined model. This issue can be resolved by requiring that the stratification variable
D;; be independent of the control C;;, which can be easily achieved in practice. For instance, in a
queueing model we can let the service time be the control variable and the inter-arrival time be the
stratification variable (assuming the independence between them). To present a simple illustration,
we assume that ¢; = 1 and that {Yij,Cij,Dij} is multivariate normally distributed. Then, the
partial correlation coefficient between Y;; and Cj; (given a possible value of D;;) can be written

as follows: R; = qixcBvpRop  (see Section 2.5.3 of Anderson [1]). Therefore, if we assume
(1-R$, p)(1-RZ, p)

that the stratification variable is independent of the control variable (i.e., Rc,p = 0), we can then

obtain R; > Ry, which immediately leads to Inequality (24). In this case, we can also easily
(0)

obtain u; ° = u; without any computation.

4.2 Fully Sequential Procedure with CV+PS

In this subsection we present an FSP that can employ the combined estimator gc\urps (i,n), which
is the same as in Equation (20) with the notation cv+ss replaced by cv+Pps, described in Section 4.1.
Similar to the FSP with CV+PCE, in this procedure we update the variance estimator whenever
a single new observation is obtained. It should be noticed that for each system i, we only have to
recompute the sample variance S?(i, Ni(z)) for stratum /¢, which the new D;; observation belongs to.
This implies that the required computational overhead to update the variance estimator is equiva-
lent to that of the procedures presented in Section 2.1 and Appendix B.3. The variance estimator
Var [5cv+ps(i,n)} (the same as in Equation (25) with the notation cv+ss replaced by cv+ps) is
a strongly consistent estimator of Var §CV+ps(i,n) , which is asymptotically equivalent to the
variance of the stratified controlled-sum estimator under the scheme of proportional allocation.
Ideally, we need to choose the number of strata L that is large enough to achieve a significant
variance reduction but also small enough relative to the total sample size n to avoid the occur-

rence of empty stratum. In the case when a stratum is empty (i.e., NZ-(Z) = 0), Glasserman [14]
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suggested to replace that stratum sample mean with zero but then the poststratified estimator will
be biased. Cochran [10] proposed combining two or more strata (including that empty stratum)
before computing the poststratified estimator. For a general use of the proposed procedure, we
suggest employing the original CV estimator when there is at least one stratum with less than two
observations for these r outputs (in order to compute the sample variance within each stratum),
and otherwise, we suggest employing the combined estimator é\cv+ps<’i,7“) (with a fixed value of
L) (see Remark 4.2). The following procedure description is based on the above assumption (i.e.,

Ni(e) > 2 for all 7 and ¢) regardless of whether the sample size is ng or 7.

Procedure 2 (Fully Sequential Procedure with CV+PS).

Step 0. Setup: Select confidence level 1/k < 1—a < 1, IZ parameter § > 0, the preliminary-stage
sample size mg > g + 2, the number of strata L > 2, and the first-stage sample size ng > 2L.
Let a = —log [2a/(k — 1)].

Step 1. Initialization: Let [ = {1,2,...,k} be the set of systems still in contention. For each
system ¢ € I, generate {(Y;;,Cy;),j = 1,2,...,mp} and then compute the estimator ,Bl-(mo)
according to Equation (7). For each system i € I, perform additional independent sampling

to generate {(Y;;, Cij, Dij) ,j = mo+1,mo+2,...,mo+ng}, resulting Ni(e) samples be within

stratum Ay, where ZZL:1 Ni(e) = ng. Let r be the observation counter. Set r = ny.

Step 2. Update: For each system 7 € I, compute §cv+ps(i,r) and its corresponding variance

estimator Var [é\cv+ps(’i, 7’)}, according to Equations (20) and (25), respectively.

Step 3. Elimination:

For any pair of systems ¢ and h in I, i # h, compute

52,(r) = Var [§CV+PS(Z}T)} + Var [%vws(h, T)} ,

Oovips(i,r) — Oovips(h,r).

N
>
—~
3
~—
I

Set 1°Md = . Let

I =14\ {z e I°4: Zi,(r) < min {0, B 5

52 4]
a%in(r) + } for some h € I°9 and h # Z} )

where A\ B={x:z € A and z ¢ B}.

Step 4. Stopping Rule: If |[I| = 1, then stop and select the system whose index is in I as the
best. Otherwise, let r = r 4+ 1 and take the rth sample (Y;(m0+r), Cimo+r) Di(mo_,_r)) from

21



system 7 € I. For each system i € I, if the rth sample of the stratification variable is from
stratum Ay (i.e., Dj(mg4r) € A¢), then update Ni(e) = Ni(g) +1, and also update Y© (1, Ni(é))
and SZ(i, Ni(g)). Then go to Step 2.

Remark 4.2. For each system i, we suggest using the controlled-sum estimator Y; [mg, mg + 7] and
its corresponding variance estimator when there is at least one stratum with less than two observa-
tions for these r collected observations. Otherwise, we use the combined estimator §cv+ps(i, r) and
its variance estimator Var [é\c\urps (1, r)] . This can be implemented easily in our procedure because
in Step 3 we employ the summation of the marginal variance estimator for each pair of systems
(instead of using the variance of the paired observations). The asymptotic statistical validity still

holds under this setting.

We close this section by formally stating the asymptotic statistical validity of Procedure 2 as

the second theorem.

Theorem 2. Let {(Y;;,Cij),j = 1,2,...,mo} be the mg preliminary-stage outputs and control
variables from system i, i = 1,2,...,k, yielding the estimator ,/E:}i(mo) in Equation (7). Let
{(Yij, Cij, Dij) 7 = mo + 1,mo 4+ 2,...,mg + no} be the ng first-stage outputs, control variables
and stratification variables from system i, resulting Ni(e) samples be within stratum Ay, where
Zé:l Ni(e) = ng and L s the number of strata. We assume that Ni(e) > 2 for alli and £. Further-
more, we assume that samples (Y;j, Cij, D;;) taken from the same system i are i.i.d. forj =1,2,...,
and also independent from those from any other system h # i. Let 6; denote the unknown mean of
system i. Without loss of generality, we let 01 — § > 0o > ... > 0y, where § is the 1Z parameter.
Let the first-stage sample size ng = no(0) be a function of & such that ng — oo and 6°ng — 0 as

0 — 0. Then, as § — 0, Procedure 2 selects system 1 as the best with a probability at least 1 — .

Remark 4.3. Under the additional assumption that there is no empty stratum, i.e., Ni(e) > 2 for all
¢ and ¢, Theorem 2 can be considered as a special case of Theorem 1 without any U;; but all Vi,
being applied with the CV+PS technique. In fact, this assumption can be easily satisfied in the
asymptotic regime 6 — 0 since the first-stage sample size ng(d) — oo implying that Ni(g) — oo for

each £ =1,2,..., L using the proportional allocation scheme.

5 Numerical Experiments

In this section, we conduct an extensive empirical study to compare our proposed procedures (with
integrated VRTS) to different existing fully sequential procedures. We implement the ordinary fully
sequential procedures of Kim and Nelson [21] (denoted as KA') and Tsai and Nelson [43] (which
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assumes Model 0 and is denoted as TN) as well as their variance-updating versions (denoted as AN/ -
U and TN-U, respectively), which then serve as reasonable benchmark procedures as described in
detail in Appendices B.2 and B.3. It is easy to show the asymptotic validity of these two procedures,
which is a similar but simpler process than the proof of Theorem 1 shown in Appendix A.

The system outputs are represented as various configurations of £ normal distributions. In all
cases, system 1 has the largest true mean and is the best system. For the sake of simplicity, in
the following description, we skip the notation of the replication counter j. Let Y; be a simulation
output from system ¢ for i = 1,2,..., k. For simplicity, we assume that each system has one control
variable (i.e., ¢; = 1 for all ¢). We then assume Model 0 holds and that the observation can be
represented as

Yi=0;+(Ci — wi)Bi + &

where {€;, i = 1,2,...,k} are N(0,02) random variables. The input random variables {C;, i =
1,2,...,k} are N(0, 02) random variables (i.e., j; = 0) and independent of {¢;, i = 1,2,...,k}. We

also set §; = 1 for each system i = 1,2,..., k. Therefore, {Y;, i = 1,2,...,k} are distributed as

2

Y= 02402, The squared correlation coefficient between Y; and

N(6;,07) random variables, where o
C; is R%C = 02/(0 + 02) for each system i = 1,2,...,k. We set op = 1 and therefore 02 = R%C
for each system i =1,2,... k.

For the CV+CE combined models, we let X; denote the conditional variable used for system i.
Further, in the Combined Model I and II we let {Y;, X;} be bivariate normally distributed with
a squared correlation R? - In the Combined Model III, we assume that {X;, C;} is bivariate
normally distributed with a squared correlation R%C. For the Combined Model II, we do not
assume the value of ﬂi@) and instead obtain its value by solving the following equation: R%[Yl Xl =

p2 | B2)2xVar(c]
X0 VarE[y|Xi]]

(derived from Model 0). We can then obtain Var[ez(?)] using the following equation: Var[E[Y;|X;]] =

(ﬂi(z))2 x Var[C;] + Var[eZ@)]. It should be noticed that the choice of R%C is irrelevant to the
(2)

i

where we know Var[E[Y;|X;]] = R%/, x (because o = 1) and Var[Cj] = R%C

procedure performance because the value of Var[e;”’] remains the same as long as R? y and Rg(,c
are determined. A similar variable generation process is implemented for the Combined Model I
and III. However, in the simulation experiments of Combined Model I, it is also necessary to assign
a parameter p such that 0 < p < 1 and Var[E[C};| X;]] = Var[C;] x p. Following this setting, we can
have R;Em x| = R%(,C X (%) Notice that in Combined Model I we do not simultaneously assume
that {Y;, X;} and {C}, X;} are bivariate normally distributed which will result in an extreme case
where a 100% variance reduction can be achieved.

For the CV+4PS combined model, we let D; denote the stratification variable used for system i,

which is assumed to be normally distributed and correlated with Y; (with a squared correlation
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R% p), but is independent from C; (i.e., RQQ p = 0). When applying the stratified sampling tech-
nique, we must know the exact distribution of the stratification variable, which is usually assumed
to be normally distributed, at least asymptotically, in the related literature. For the determination
of the boundaries between the strata, the experimental results from existing literature often reveal
that Sethi’s stratification scheme is better than the equal-probability scheme (e.g., Sabuncuoglu
et al. [39]). Therefore, in the current experiments we use Sethi’s optimal stratification scheme for a
normal random variable under proportional allocation to classify each of the replicated observations
{Yi, C;, D;} into the appropriate stratum. In the literature on PS technique, L is often specified in
the range of 2 < L < 6, where it is experimentally found that the marginal efficiency gain may not
be significant when using more than 4 strata (see Chapter 5 of Cochran [10], Sabuncuoglu et al.
[39], and Wilson and Pritsker [46]). In the following experimental study we use L = 2 and 4.

We compare the performance of each FSP on different configurations of the systems, with
examining factors including the practically significant difference 0, the number of systems k, the
number of strata L (when the PS technique is used), the configurations of the system means 6;, and
the squared correlation coefficients R%C, R%,’ x> R?X’C, and R? p- Common random numbers are

not employed. The configurations, the experimental design, and the results are described below.

5.1 Configurations and Experimental Design

We investigate the slippage configuration (SC) of the true means of the systems in which 6; is
set to exactly &, while 85 = 03 = --- = 6, = 0. This is the most difficult scenario in which to
achieve the pre-specified PCS, because all the inferior systems are very close to the best system.
We choose § = \/m ; therefore, the indifference-zone parameter can be interpreted as one
standard deviation of the first-stage sample mean. To examine the efficiency of these procedures
in eliminating inferior systems, the configuration of monotone-decreasing means (MDM) is also
used. In the MDM configuration, the means of systems are determined according to the following
formula: ; = § and 6; = 0, — (1 — 1)(6/2), for i = 2,3,... k.

The number of systems simulated in each experiment is varied with k& = 10, 30,50, 100. In all
experiments, we set the nominal PCS 1 —a = 0.95, the preliminary-stage sample size mg = 10, and
the first-stage sample size ng = 20. These algorithm parameter settings are based on the guidelines
provided in Tsai and Kuo [42] and Tsai and Nelson [43]. For each configuration, 500 trials of each
procedure are performed to compare the performance measures, including the estimated PCS and
the average number of simulated observations per system (ANS). To simplify the presentation, we

round the values of PCS and ANS to the nearest hundredth and integer number, respectively.
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5.2 Summary of the Results

The PCS of the proposed fully sequential procedures using the combined models (either with or
without the variance updating mechanism) is higher than the nominal level 0.95 in most configura-
tions. We also observe that the required correlation threshold for our combined models to improve
on the traditional models is not difficult to achieve. Instead of presenting comprehensive results
from such a large simulation study, we demonstrate details of some specific results that highlight

the key conclusions.

5.2.1 Fully Sequential Procedures with CV4+PCE

In Table 3, we evaluate the effect of different levels of various correlations on the performance of the
FSP with CV+PCE (which is described in Section 2.1) where Model 0 and Combined Model II are
used as a combination. We consider the slippage configuration and let P.p denote the probability
that there exists a conditional variable X; such that E[Y;|X;] can be obtained (i.e., Combined Model
IT can be applied) in a single simulation replication. In other words, Model 0 is employed in each
replication with a probability 1 — Peg. The PCS of the FSP with CV+PCE is still greater than or
equal to the nominal level 0.95, but it is not so conservative as the previously presented 7 N-like
procedure with CV+CE (i.e., its PCS is closer to 0.95). As shown in Table 3, a larger Py value
makes the procedure more efficient in terms of reduced ANS because a greater efficiency gain can
be reaped from the combined model. It should also be noticed that the CV+PCE procedure should
be equivalent to the CV+CE procedure with Combined Model II when Pez = 1. However, the
ANS values when Py = 1 are smaller than those presented in Table 9 because in the CV+PCE
procedure, the variance estimator is updated sequentially. Thus, the required consumption of ANS
is smaller, and we can only achieve an asymptotic PCS guarantee.

Note that when implementing the CV+PCE scheme in the numerical experiments, we actually

use the following equation (without loss of generality, we take Combined Model IT as an example),

~ _ T ~
0t culion) = V) = (€P ) = ;) Bilmo)

where Bi(mo) is obtained from the pure CV model with mg independent samples in a prelimi-
nary stage. In other words, we use the same ,@i(mo) for both gcv(z',n) and gc(e,LCE(i,n). This
compromise is due to the fact that there might be a very small number (or none) of CV+CE ob-
servations in the preliminary stage for some systems. Based on this setting, we then assume that
B; = ,6,52) (which implies that Cov [}77;(2) (n), (—31(2) (n)} = Cov [Y;(n), Ci(n)]) to obtain the following
more convenient result. In order to make sure that the additional benefit of reducing variances

~

by CV+CE is achieved (i.e., Var [HC(aFCE(Z,n)} < Var [gcv(i,n)] ), we only need to require that
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Table 3: Performance measures for our CV4+PCE fully sequential procedures under the SC when
mg =10, ng =20,¢g=1and 1 — a = 0.95.

P R, R 72 k=10 k=30 k=50 k = 100
v.e X XC 1 PCS ANS | PCS ANS | PCS ANS |PCS ANS
0 0.5 0.6 04 (096 74 [095 89 |097 97 |[097 98
0.2 05 06 04 (096 65 | 096 79 | 097 89 | 0.97 89
0.5 05 0.6 04 (095 55 [096 64 | 097 72 |097 74
0.8 05 06 04 096 45 | 097 51 | 095 55 | 097 58
1 0.5 0.6 04 (095 39 | 095 45 | 096 46 | 0.97 49
0.5 0.5 05 (096 74 [095 89 |097 97 |[097 98
0.2 05 05 05 (095 64 | 096 76 | 097 8 | 0.95 87
05 05 05 05 (096 49 | 095 56 | 097 65 | 096 65
0.8 05 05 05 [096 37 |098 40 | 096 44 | 097 44
1 0.5 0.5 05 (099 32 |09 33 095 34 |095 35
0.5 04 06 (096 74 [095 89 |097 97 |[097 98
0.2 05 04 06 [096 61 |096 74 | 098 83 |[099 84
05 05 04 06 [095 45 | 095 52 | 096 56 | 095 57
0.8 05 04 0.6 (095 34 |09 35 | 095 37 |0.95 37
1 05 04 0.6 [098 30 [099 30 |097 30 |09 30

Var [eg)] < Var [¢;;], which is equivalent to the condition (17).

5.2.2 Fully Sequential Procedures with CV4+PS

In the experiments on fully sequential procedures with CV+PS, we compare the procedure presented
in Section 4.2 to KN-U and 7N-U under the slippage configuration with the settings of L = 2 and
4 (see Table 4 and 5). The CV+PS fully sequential procedure can still achieve the pre-specified
PCS guarantee (which can only be proven asymptotically) and yields better performance in terms
of ANS as anticipated when the value of R%C or R% p is increased. The experimental results also
indicate that the CV+PS procedure is superior to 7N -U/ when the value of R%;, p is greater than or
equal to 0.1, which shows that the required correlation threshold is easier to achieve as compared to
the case of CV. We find that the advantage of our CV+PS procedure relative to KN -U and TN-U
in terms of ANS is more significant when L = 4, which is due to the fact that more stratification
layers naturally lead to more variance reduction. In the current experiments with & = 100, the
additional number of replications (for each system on average) required to be able to apply PS
after the first stage is 2.04 and 17.73 for the cases of L = 4 and L = 6, respectively. In the case of

L = 2, there is no empty stratum after the first-stage sampling process in all examined cases.
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Table 4: Performance measures for our CV+PS fully sequential procedures in comparison with
KN-U and TN-U under the SC when L =2, mg = 10, ng =20, g =1 and 1 — o = 0.95.

R R k=10 k=30 k=50 k =100
v.c “W.D I pCcS ANS | PCS ANS | PCS ANS | PCS ANS
KN-U 098 116 | 0.95 141 [ 099 151 | 0.96 169
TN-U 0.3 0.96 105 | 0.95 126 | 0.97 134 | 0.95 146
CV+PS 03 01 [096 93 |0.98 121 | 097 126 | 0.97 142
03 03 [ 097 8 |0.99 105 | 0.98 105 | 0.98 119
03 05 | 096 64 | 097 8 |096 84 | 0.98 96
03 07 | 095 50 | 098 66 |095 65 |0.98 73
TN-U 0.5 096 74 [095 92 [097 99 [0.97 102
CV+PS 05 01 |09 69 | 097 87 |098 95 | 098 97
05 03 [095 54 |09 70 |099 75 |0.99 75
TN-U 0.7 096 51 | 095 56 | 097 60 | 095 62
CV+PS 07 01 |096 46 | 095 53 |098 58 | 0.97 56
07 03 |09 36 |09 38 |096 40 | 0.95 38

Table 5: Performance measures for our CV+PS fully sequential procedures in comparison with
KN-U and TN-U under the SC when L =4, mg =10, np =20, ¢ =1 and 1 — a = 0.95.

B R k=10 k=30 k =50 k =100
v.e TW.D | pCS ANS | PCS ANS | PCS ANS | PCS ANS
KN-U 098 116 | 0.95 141 [ 099 151 | 0.96 169
TN-U 0.3 0.96 105 | 0.95 126 | 0.97 134 | 0.95 146
CV+PS 03 0.1 [095 93 |[099 119 | 098 120 | 0.97 128
03 03 |09 72 |09 8 |095 90 | 0.98 96
03 05 | 096 52 | 098 59 |097 61 |0.95 64
03 07 | 097 36 | 095 40 | 097 40 | 0.96 42
TN-U 0.5 096 74 [095 92 [097 99 [0.97 102
CV+PS 05 01 [095 67 |09 78 |096 80 | 0.96 89
05 03 | 096 47 | 095 52 |097 55 | 0.99 58
TN-U 0.7 096 51 | 095 56 | 097 60 | 095 62
CV+PS 07 01 | 095 45 | 097 46 | 096 48 | 0.98 50
07 03 |09 31 |098 32 |09 32 |095 32
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6 Illustrative Examples

In this section we first consider the Markovian queue with state-dependent service (e.g., refer to
Section 2.9 in Gross et al. [18]). We assume that the system has Poisson arrivals, exponentially
distributed service times, one server, an infinite buffer, and a first-come-first-served queueing dis-
cipline. The customer arrival rate ); is constant but different for each system 7. We want to allow
the server to become faster when there are more customers waiting in queue, which is referred
as the dynamic service rate control policy in the literature (e.g., Kumar et al. [25]). The service
rate for customer m from system i is specified as p; + 0.01 X (@, — 6), where @, is random and
represents the number of customers waiting in line when the mth customer just enters the server.
Each procedure is implemented for ten different configurations, where the performance measure is
the steady-state mean of the waiting time in the system. The ten configurations along with their
true expected waiting times, which are computed analytically, are given in Table 6 (see Section 2.9
in Gross et al. [18] for the derivation). Notice that a system with a smaller waiting time is better,
so System 1 consisting of one fastest server is the best system (but does not have the lowest arrival
rate).

All candidate systems are initialized in a steady state to mitigate the initial transient bias.
That is, for each replication we sample the initial condition in accordance with the steady-state
distribution of the number of customers in the system, which can be computed in advance. For
each replication, we use the average waiting time for thirty customers as the output. For the
procedures involving control variates, the average service time for thirty customers is used as the

control variable for the replication j, which means that

30 30
Zm:l Wijm and Cij Zm:l Sijm

}/i‘ = = )
/ 30 30

where W;jp, is the waiting time in the system for customer m of replication j from system ¢, and
Sijm 1s the service time for customer m of replication j from system ¢. For the fully sequential
selection procedures that employ sample means (Kim and Nelson [21]), we choose the first-stage
sample size ng = 30. For all the CV-related procedures, the preliminary-stage and first-stage
sample size are set to mg = 10 and ng = 20. The nominal probability of correct selection is set to
1 — a = 0.95. The indifference-zone parameter is set to § = 0.1, and thus the correct selection is
to choose System 1 because the difference between the expected waiting times of System 1 and 2

is greater than 0.1.
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6.1 Results of the CV+CE and CV+PS Procedures

Suppose that there are p customers either waiting in line or in service when the mth customer
arrives. When CV+CE Combined Model II is applied, we use the following conditional expectation
of outputs: E[W;jm|Qm-1,Qm-2, .., Qm—p] = Z:;rlb_p (i +0.01 x (Q, — 6))_1. The conditional
expectation equals to zero when p = 0. When CV+CE Combined Model III is applied, we then
use the following conditional expectation of controls: E[Sijm|Qm] = (ui 4+ 0.01 x (Qm — 6)) 7"
It should be noted that CV+CE Combined Model I cannot be applied in this case because the
conditional variables for Wjj,, and S;j,, are different. When applying the PS technique, we choose
the inter-arrival time as the stratification variable (also taking the average of thirty customers)
and specify L = 2. It should also be noted that the control variable and the stratification variable
are independent from each other. We use Sethi’s optimal stratification scheme to determine the
boundaries between the strata, and use proportional allocation scheme to decide the allocation
fractions.

The following experimental results can be explained by the estimated correlations based on
1000 replications (for System 1): Ry = 0.272, Ry, 4, = 0.153 and RS, = 0.003, where A and Q
represent the average inter-arrival time and the average number of waiting customers for the first
thirty customers in each replication. Table 7 presents the results of the procedures developed in
this paper and compares them to those of other procedures with 500 complete macro-replications.
We also test the FSP of Tsai and Nelson [43] where service times and inter-arrival times are both
used as the control variables (denoted as TN-2). The observed PCS of all procedures are greater
than the nominal level 0.95. In terms of ANS, it is not surprising that 7N and 7N-U are superior
to KN and KN-U, respectively (because R%C is greater than 0.2). We can also see that TN-2
is better than 7N which implies that, in this case, the inclusion of one more control variable can
increase the correlation between the output and controls, and the gains more than offset the losses
incurred by the loss ratio. The use of CV+CE Combined Model II can result in a more significant
improvement; we can see that there is a reduction of 21% in the ANS when compared to TN.
However, the use of CV+CE Combined Model III results in a worse performance when compared
to 7N, which is an anticipated result because R;Q could be as low as 0.003 (which also follows
from the previous analytical results discussed in Section 3.2.3). The CV+PS procedure also leads

to a reduction in ANS when compared to TN-U (because R%/, 4 could be greater than 0.1).

6.2 Results of the CV+PCE Procedure

To illustrate the applicability of the proposed CV+PCE procedure, an additional feature of mul-

ticlass customers is added to the original queueing system (see Chapter 5 of Gautam [13] for
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Table 6: The ten queueing systems with dynamic service rate (= p; + 0.01 x (@, — 6)) and their
expected waiting times in steady state.

System i A\, p;  E[Wj]

1 4 5.00 0.964
2 3 390 1.090
3 2 290 1.119
4 4 485 1.105
) 3 3.85 1.148
6 2 285 1.182
7 4 480 1.159
8 3 3.80 1.211
9 2 280 1.252
10 4 475 1.218

an introduction of multiclass queueing systems). We assume that there are two classes of cus-
tomers with different service time distributions (exponentially and normally distributed). The
variance of the normal distribution is assumed to be equal to the square of its mean. The dy-
namic service rates of both types of customers are specified in the same way as in the previously
described Markovian model. Suppose that there are p > 0 customers either waiting in line or
in service when the mth customer arrives. We can then obtain E[W;jm|Qm-1, Q@m—-2, ..., Qm—p] =
Z:Z:_nlh(pq) (i +0.01 x (Q, — 6))_1—|—E[S’ij(m_p) —5|S;j(m—p) > s], where the notation s represents
the amount of time the (m — p)th customer already spent in service when the mth customer arrives.
It is difficult to compute E[S;;(mm—p) —5]Sij(m—p) > 5] when S;;(,—py comes from the assumed normal
distribution, and therefore it is replaced with the actual remaining service time. More specifically,
if all of the thirty customer waiting times (i.e., {Wijm,Vm = 1,2,...,30}) can be applied with

the CE technique (i.e., S; comes from the exponential distribution for the thirty customers),

j(m—p)
so for that particular replication we can then employ the estimator V;; defined in the CV4+PCE
procedure of Section 2.1. On the other hand, if any of the thirty customer waiting times cannot
be applied with CE, we then use the estimator U;; for the jth replication. In the experiment, we
specify that an arriving customer with normally distributed service time occurs with a probability
of 0.025. Table 8 presents the results of the CV4+PCE procedure in comparison with other proce-

dures in 500 complete macro-replications. The results show a significant improvement in terms of

ANS when using the CV+PCE procedure.
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Table 7: Results for our procedures with combined models in comparison with the existing proce-
dures in 500 Trials with § = 0.1 and 1 — o = 0.95.

Procedure PCS ANS Procedure PCS ANS
KN 0.988 202 KN-U 0.984 186
TN 0.996 189 TN-U 0.982 169

TN-2 0.992 183 CV+PS 0.978 156

CV+CE-II 0.990 150 CV4CE-III 0.994 231

Table 8: Results for our CV4+PCE procedure in comparison with the existing procedures in 500
Trials with 6 = 0.1 and 1 — a = 0.95 (with two classes of customers).

Procedure PCS ANS
KN 0.990 207
TN 0.996 196

KN-U 0.990 171
TN-U 0.988 161
CV+PCE 0.990 142

7 Conclusions

In this paper, we propose specific combined models and corresponding fully sequential selection
procedures to jointly employ CV, CE and PS techniques. We also compare them to ordinary
fully sequential procedures that use sample means or pure CV estimators via statistical analysis
and experimental study. It should be noted that most of the existing works only evaluated the
performance of VRTs based on simulation experiments for specific stochastic systems. For the case
of jointly applying CV and CE, based on analytical results we demonstrate that Combined Model
I is better than Combined Models II and III, and that both Combined Models I and II are superior
to the pure CV model. We have not found comparative studies among these three combined models
in any existing literature that we know. More specifically, applying CE to the output and control
variables simultaneously is more beneficial than only applying CE to the output, but applying CE
alone to the controls is not helpful beyond the given CV model. The CV+CE combined models
can deliver better efficiency when the conditional variable is less correlated with the output and
is significantly correlated with the control variables (although we may not have much choice). By
contrast, when applying the CV+PS combined model, we require that the exact distribution of the
stratification variable is known, and in the meantime prefer to choosing a stratification variable
that is largely correlated with the output but less correlated with the control variables. It should

be noted that the proposed CV+PS estimator is new and appropriate for use in fully sequential
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procedures. The marginal benefit of using CE or PS could be greater than that of using CV
because they do not suffer from the loss ratio (see Section 3.1). We have presented fully sequential
selection procedures that can employ CV+4+CE combined models and can be shown to be statistically
valid with finite samples. We also propose fully sequential procedures for CV+PCE and CV+PS
combined estimators whose statistical validity can be proven in the asymptotic regime. In the
proposed procedures, the application of the CV+CE or CV+PS models would not increase the
computational overhead much beyond that of the CV model.

There are several possible directions to extend or improve the developed approaches. For in-
stance, it has been shown that both CE and PS are particularly effective in rare event problems
where excessive simulation time is generally required to collect a sufficient number of observations
(see Lavenberg and Welch [27] and Rubino and Tuffin [38] for illustrative examples where these
techniques are applied). Therefore an extensive experimental evaluation of rare event problems
using the proposed VRT combined schemes would be a worthwhile follow-up research work. Addi-
tional efficiency improvement of the proposed procedures may be possible if we employ a CV+SS
combined model. However, in this case, it is not clear how to determine which stratum the next
generated observation should belong to (i.e., the sequence of stratified samples). Notice that in the
literature, the SS technique is often implemented by taking batches; however, with the setting in
our target problem, a fully sequential procedure is expected to become inefficient if a “stage” is
defined by a batch mean, and a large batch size is often required as well. The other possible topic
of future study is to consider VRT combined models where the control mean is unknown and must

be estimated (Pasupathy et al. [33]).

Acknowledgments

The authors would like to thank the Editor-in-Chief, Professor Awi Federgruen, the associate
editor and two anonymous referees for their insightful and detailed comments that have significantly
improved this paper. This research of the first author was supported by Taiwan Ministry of Science
and Technology under Grant No. MOST 106-2410-H-006-009. This research of the second author
was supported in part by the Natural Science Foundation of China [Grants 71401104, 71531010
and 71722006] and Program of Shanghai Subject Chief Scientist [15XD1502000].

32



References

1]

[10]
[11]

[12]

[13]

[14]

T. W. Anderson. An Introduction to Multivariate Statistical Analysis. John Wiley & Sons,
New York, 3rd edition, 2003.

A. N. Avramidis and J. R. Wilson. Integrated variance reduction strategies for simulation.

Operations Research, 44(2):327-346, 1996.

R. E. Bechhofer. A single-sample multiple decision procedure for ranking means of normal

populations with known variances. The Annals of Mathematical Statistics, 25:16—-39, 1954.
P. Billingsley. Convergence of Probability Measures. John Wiley & Sons, second edition, 1999.

G. Casella and R. L. Berger. Statistical Inference. Duxbury Thomson Learning, 2nd edition,
2002.

C.-H. Chen, J. Lin, E. Yiicesan, and S. E. Chick. Simulation budget allocation for further
enhancing the efficiency of ordinal optimization. Discrete Event Dynamic Systems, 10:251-270,

2000.

S. E. Chick. Subjective probability and bayesian methodology. In S. G. Henderson and
B. L. Nelson, editors, FElsevier Handbooks in Operations Research and Management Science:

Simulation, pages 225-257. Elsevier, 2006.

S. E. Chick and K. Inoue. New procedures to select the best simulated system using common

random numbers. Management Science, 47:1133-1149, 2001.

S. E. Chick and K. Inoue. New two-stage and sequential procedures for selecting the best

simulated system. Operations Research, 49:732-743, 2001.
W. G. Cochran. Sampling Techniques, 3rd ed. Wiley, 1977.
L. Devroye. Non-uniform random variate generation. Springer-Verlag, 1986.

V. Fabian. Note on anderson’s sequential procedures with triangular boundary. The Annals

of Statistics, 2:170-176, 1974.

N. Gautam. Analysis of Queues: methods and applications. Taylor and Francis, New York,

2012.

P. Glasserman. Monte Carlo Methods in Financial Engineering. Springer-Verlag, 2004.

33



[15]

[18]

[19]

[20]

[21]

[22]

P. Glasserman, P. Heidelberger, and P. Shahabuddin. Asymptotically optimal importance
sampling and stratification for pricing path-dependent options. Mathematical Finance, 9(2):

117-152, 1999.

P. W. Glynn and R. Szechtman. Some New Perspectives on the Method of Control Variates.
Springer Berlin Heidelberg, 2002.

F. H. Grant. Hybrid variance reduction techniques using antithetic sampling, control variates

and stratified sampling. Computers & Industrial Engineering, 7(2):159-169, 1983.

D. Gross, J. F. Shortle, J. M. Thompson, and C. M. Harris. Fundamentals of Queueing Theory.
John Wiley & Sons, New York, 4th edition, 2008.

L. J. Hong. Fully sequential indifference-zone selection procedures with variance-dependent

sampling. Naval Research Logistics, 53:464-476, 2006.

C. Jennison, I. M. Johnstone, and B. W. Turnbull. Asymptotically optimal procedures for
sequential adaptive selection of the best of several normal means. Technical Report, Department

of Operations Research and Industrial Engineering, Cornell University, 1980.

S.-H. Kim and B. L. Nelson. A fully sequential procedure for indifference-zone selection in

simulation. ACM Transactions on Modeling and Computer Simulation, 11:251-273, 2001.

S.-H. Kim and B. L. Nelson. On the asymptotic validity of fully sequential selection procedures
for steady-state simulation. Operations Research, 54:475-488, 2006.

S.-H. Kim and B. L. Nelson. Selecting the best system. In S. G. Henderson and B. L. Nelson,
editors, Elsevier Handbooks in Operations Research and Management Science: Simulation,

pages 501-534. Elsevier, 2006.

S.-H. Kim, B. L. Nelson, and J. R. Wilson. Some almost-sure convergence properties useful in

sequential analysis. Sequential Anal., 24(4):411-419, 2005.

R. Kumar, M. E. Lewis, and H. Topaloglu. Dynamic service rate control for a single-server

queue with markov-modulated arrivals. Naval Research Logistics, 60(8):661-677, 2013.

E. Langford, N. Schwertman, and M. Owens. Is the property of being positively correlated
transitive? The American Statistician, 55(4):322-325, 2001.

S. Lavenberg and P. Welch. Using conditional expectation to reduce variance in discrete event
simulation. In Proceedings of the 11th conference on Winter simulation- Volume 1, pages 291—

294. IEEE Press, 1979.

34



[28]

[29]

[30]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

P. L’Ecuyer and E. Buist. On the interaction between stratification and control variates, with

illustrations in a call centre simulation. Journal of Simulation, 2(1):29-40, 2008.

J. Luo, L. J. Hong, B. L. Nelson, and Y. Wu. Fully sequential procedures for large-scale
ranking-and-selection problems in parallel computing environments. Operations Research, 63

(5):1177-1194, 2015.

D. L. Minh. A variant of the conditional expectation variance reduction technique and its
application to the simulation of the GI/G/1 queues. Management Science, 35(11):1334-1340,
1989.

B. L. Nelson. Foundations and Methods of Stochastic Simulation: A First Course. Springer,
NY, 2013.

B. L. Nelson and J. Staum. Control variates for screening, selection, and estimation of the

best. Aecm Transactions on Modeling €& Computer Simulation, 16(1):52-75, 2006.

R. Pasupathy, B. W. Schmeiser, M. R. Taaffe, and J. Wang. Control-variate estimation using
estimated control means. IIE Transactions, 44(5):381-385, 2012.

E. Paulson. A sequential procedure for selecting the population with the largest mean from k

normal populations. The Annals of Mathematical Statistics, 35:174—180, 1964.

Y. Rinott. On two-stage selection procedures and related probability-inequalities. Communi-

cations in Statistics - Theory and Methods, A7:799-811, 1978.
S. M. Ross. Introduction to probability models. Academic press, 2014.

S. M. Ross and K. Y. Lin. Applying variance reduction ideas in queueing simulations. Proba-

bility in the Engineering & Informational Sciences, 15(15):481-494, 2001.

G. Rubino and B. Tuffin. Rare event simulation using Monte Carlo methods. Wiley, New York,
20009.

I. Sabuncuoglu, M. M. Fadiloglu, and S. Celik. Variance reduction techniques: Experimental
comparison and analysis for single systems. IIE Transactions, 40(5):538-551, 2008.

V. K. Sethi. A note on optimum stratification of populations for estimating population means.

Australian € New Zealand Journal of Statistics, 5(1):20-33, 1963.

Y. Tong. Probability inequalities in multivariate distribution. Academic Presss, New York,

1980.

35



[42]

[43]

[44]

[47]

S. C. Tsai and C. H. Kuo. Screening and selection procedures with control variates and

correlation induction techniques. Naval Research Logistics, 59(5):340-361, 2012.

S. C. Tsai and B. L. Nelson. Fully sequential selection procedures with control variates. IIE

Transactions, 42(1):71-82, 2010.

S. C. Tsai, B. L. Nelson, and J. Staum. Combined screening and selection of the best with
control variates. In C. Alexopoulos, D. Goldsman, and J. Wilson, editors, Advancing the
Frontiers of Simulation: A Festschrift in Honor of George S. Fishman, pages 263-289. Springer
US, 2009.

W. Whitt. Stochastic-process limits. Springer Series in Operations Research. Springer-Verlag,
New York, 2002.

J. R. Wilson and A. A. B. Pritsker. Experimental evaluation of variance reduction techniques
for queueing simulation using generalized concomitant variables. Management Science, 30(12):

1459-1472, 1984.

V. Zille, C. Bérenguer, A. Grall, and A. Despujols. Simulation of maintained multicomponenet
systems for dependability assessment. In P. Faulin, A. Juan, S. Martorell, and J. Ramirez-
Maérquez, editors, Simulation Methods for Reliability and Awvailability of Complex Systems,
pages 253-272. Springer, London, 2010.

36



A  Proof of Theorem 1

The proof of Theorem 1 follows similar argument as proving the statistical validity of the APS
(Asymptotic Parallel Selection) Procedure in Luo et al. [29], which also need to establish the
following important lemmas. It is worthwhile pointing out that constructing the Brownian motion
process in this paper is different from that in Luo et al. [29].

We start from considering the slippage configuration where the difference between the mean of
the best and all other systems equals to the IZ parameter 6, i.e., 03 =03 =--- =0, = 01 — J, and
then demonstrate the validity of general I1Z settings in the finial proof.

Consider any pair of systems, systems 1 and h, where h = 2,3, ..., k. Define
Ny, = [2a(pruf + qiof + puuis + anop) /671,

where a = —log[2a/(k —1)] and 1 — ¢; = p; = lim my,/r, i = 1 or h, is limiting proportion as
T—00

specified in Theorem 1, and [z] denotes the smallest integer greater than or equal to x. Then th

is the maximum number of observations needed to make the elimination decision of either system 1

or h. Let s = r/N¢, be any number in [0, 1]. Define the stochastic process Zip(s),

1 r_ 7 9
- : (r), no<r<N
Zunls) = | VeTratedras Vgm0 i

0, 0 <7 < ng,

1 Ui (mar)+Vi(nir) =Un(Mmar) = Vi (nar) n o< oo <]

p) p) P} 3 5 N s>

— \/P1U1+QI'U1+ph“h+Qh’Uh vV N 1h (27)
0, 0<s< 9,
1h

where Z1p(r) is defined in Equation (6). In fact, we care only about the process Zlh(s) evolves
in the interval s € [ng /th, 1] since the pairwise comparisons are conducted only when r > ny.
However, for mathematical rigorousness, we force Z1,(s) = 0 when s € [0, /N?,), which is well

defined as shown in the following lemma.

Lemma 1 (Convergence to a Brownian Motion Process). Let D|0, 1] be the Skorohod space of all
right-continuous real-valued functions on [0, 1] with limits from the left everywhere, endowed with
the Skorohod Jy topology. Thus, Z1(-) defined by Equation (27) with h =2,3,...,k is an element
of the Skorohod space DI0,1]. Suppose that the conditions in Theorem 1 are all satisfied. Then,
under the SC, i.e., o =03 =--- =0, =0, — §, we have

Zu, (1) = Ba(+), asé — 0,

where Ba(s) = B(s) + As, a standard Brownian motion process with a constant drift A = v/2a.
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Proof. Let € = ng/th. Recall that ng — oo and 6?>ng — 0 as 6 — 0. Then, th —ooand & — 0

as 0 — 0. Notice that Zy,(s) = 0 for 0 < s < €/, which implies that
Z11(0) = Ba(0) = 0 and Zy,(-) is right-continuous at s = 0 for all 4. (28)

We next focus only on s € [¢%, 1], that is, 7 € [ng, N, .

We first analyze the term %ﬁfﬁ, i =1 or h, on the right-hand-side (RHS) of Equation (27).
1h
Note that the same argument can be applied on MZ;) At stage r, let a;, = ™, which is random

r

variable converges to p; with probability 1 (w.p.1). 1%Ne mainly focus on the nontrivial case that
pi € (0,1). For the case that p; = 0 or 1, the derivation is relatively easy and can be incorporated
in the same formula. Let b, = aiTth. Then, as § — 0, by Theorem 14.4 in Billingsley [4] and
Theorem 11.4.5 in Whitt [45], we know that

Ui(miy) — mgty &ESJ (Uie — 0;) b;

B bir
v/ Vi v N,

= UZB“L(S) : \/p>l'a

where B%(s) is a standard Brownian motion process. Similarly, we obtain that

i(Nir) — 1 0; ;
Vi(nir) — nirt; = B (s) /G,
VNV

where B™(s) is also a standard Brownian motion process that is independent of B%(s) due to
the assumption of independence between {Uj;,j = 1,...,m;} and {Vig,£ = 1,...,n;}. Then, as

6 —0,

Ui(mir) + Vi(nir) — Un(may) = V()

VA

[Ur(mir) — mir61] + [Vi(niy) — nirbh] — [Un(mp) — mne85] — [Vi(npe) — 1p, 03] N (01 — 0p)
VA, VI

= pruB(s) + V@o B (s) + BrunB"(s) + VaronB" (5) + /2a(pred + q1o? + puud + i) -5,

where the last part is due to the definition of th and r = sth and the assumption that 6; —0, = 6.
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By Theorem 11.4.5 in Whitt [45], we know that

1

\/ (p1uf + q1v? + prui + quvy)

{Zlh(s) 0<s< 1} = { [\/]TlulBlu(s) + au B (s)
+/PgunB"(s) + Jq?vhBhU(s)} +V2a-5:0<s< 1}
D

{l":)’(s)—i—As:O<s§1}7 (29)

where the last equation is due to the independence among B'“(s), B'?(s), B"(s) and B"’(s), and the
notation 2 means “equal in distribution”, and A = v/2a. Combined the results in Equations (28)
and (29), we have

{Zlh(s):Ogsgl} = {B(s)+As:0§s§1},

which concludes the proof. O

From the proof of Lemma 1, it is interesting to point out that the construction of the stochastic

1 T

Vo rad e vy /N,
order to establish the limiting process Ba(s). Recall that, in Procedure 1, the elimination decision

in

process Z1p(s) is to scale the original process Zi,(r) by the term

of system ¢ is made at stage r when there exists some surviving system h such that the following

condition is satisfied, that is,

92
A - _adg(r) 0
Zin(r) < min {O, 5y + 2} .

(30)

In order to make the comparison condition also hold for Elh(s), we need to scale the RHS in
Inequality (30) by the same term. For simplicity of presentation, we define the upper bound and

lower bound as follows,

~9 ~2
' _ ady,(r) 0 s . _adiy(r) ¢
[in(r) = max {0, 5y 5 and — I';;(r) = min < 0, 5y + 5[

which forms the symmetric continuation region A;, for the pair of systems i and h. Since we
are interested in the pair of systems 1 and h, where h = 2,3,...,k, we next consider only the

continuation region Ay, for h =2,3,... k.
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Let I'J, (s) be the upper bound for Z1p(s), which is defined as

1 T
[ (s) = - - : = - “Tin(r) (31)
\/p1u1 + @11 + pruy, + 4oy, \/Nlh

a&%h(r) or

5\/p1u% + q1v? + ppu? + thﬁ\/th 2\/p1U% + qv? + prui + th%\/th

= max{ 0,

Then, the upper boundary T'Y, (s) and lower boundary —T', (s) forms the symmetric continuation
region A9, for Z1n(+), implying that either system 1 or & is eliminated depends on whether Zq,(-)
exits the continuation region Afh from above or below. We are now ready to establish the second

important result.

Lemma 2 (Convergence of the Continuation Region). Define the symmetric continuation region
A3, for Zin(+) by the upper boundary 19, (s) and lower boundary —T',(s) as in Equation (31).
Suppose that the conditions in Theorem 1 are all satisfied. Then, under the SC, as § — 0, we have
A
9, (s) — I'(s) = max {0, % -3 s} , w.p.d,
where A = v/2a. Moreover, the asymptotic region A, formed by T'(s) and —T'(s), is a symmetric

triangular region for the Brownian motion process Ba(+) as obtained in Lemma 1.

Proof. We start by analyzing the variance estimator 63, (r) in Equation (5), which is rewritten as

follows:

1
- [m1rSEy (1,7) + 11,58y 4 op(L7) + mpeSgy (hy 1) + nueSeyce(hy )] -

Q>
=N
=
—

=3
N

Recall that m;./r — p; and ng./r — ¢ = 1 —p;, i = 1 or h, w.p.1 as assumed in Theorem 1.

We first consider the case when both p; and ¢; are strictly positive. As § — 0, ng — oo, so that
2

th — oo and r — oo, implying that S&(i,7) — u? and S%VJFCE(Z',T) — v7, w.p.1. Therefore, as

6 — 0, we know that
6%h(r) — plu% + qlv% —|—phu,21 + qhvz, w.p.1, (32)

for any positive number p; > 0 and ¢; > 0, where i = 1 or h.
For the case that either p; = 0 or ¢; = 0, the conclusion in (32) also holds. For instance, if

p; = 0, then S%,;(i,7) is bounded or S&y (i,r) — u? w.p.1, depending on whether m;, is finite or

mir 62 (i,7) — 0 w.p.1

miy — 00 as r — oo. However, no matter how S2y(4,7) evolves, the term .

as r — oo since that m;,./r — 0. If p; = 1, i.e., ¢; = 0, similar argument can be applied to the term

40



%S%VJFCE(L 1), which converges to 0 w.p.1. Therefore, for any p; € [0,1], i = 1 or h, we always
have the result in (32). Recall the definition of N9, = [2a(p1u? + q1v? + ppu? + guv?)/62], then

we obtain that

| >

19, (s) — I'(s) = max {0, -5} , w.plaséd—0,

@
A
which concludes the proof. O

Lemma 1 demonstrates the weak convergence of Zi;(-) to Ba(-) on [0,1], and Lemma 2 es-
tablishes the convergence of the corresponding continuation region A‘lsh to the triangular region A.
However, elimination decisions are only made at these stopping times when the stochastic processes
first exit the region.

Let T fh denote the stopping time at which Zlh(-) first exits the continuation region Aih, ie.,
T¢, = inf {s : ‘Zvlh (s)) > F‘lsh(s)} ,
and let 77, denote the stopping time at which Ba(-) first exits the triangular region A, i.e.,
Tip =inf {s: |Ba(s)| >T(s)}.

In order to bound the probability of incorrect selection, we need a stronger result to ensure that
the value at the stopping time 7 h(Tfh) can be approximated by Ba(715), which can be guaranteed

by the following lemma.

Lemma 3 (Convergence at Stopping Times). Suppose that the conditions in Theorem 1 are all

satisfied. Then, as § — 0,
Zin(Thy) = Ba(Tun).

We omit the proof of Lemma 3 here, since it follows exactly the same logic as that of proving
Proposition 3.2 of Kim et al. [24] and Lemma 2 in Luo et al. [29]. Based on the results in Lemmas 1

to 3, we are now ready to prove Theorem 1.

Proof. We first consider the SC where 1 — 0 = 6 = --- = 0. Then, we can bound the PCS, i.e.,
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the probability of selecting system 1, as follows,

k—1
liminf P {select system 1} = liminf [1 -P { U {system h eliminates 1}}]

6—0 0—0 Pt
k—1
> 1—limsup Z P {system h eliminates 1}, (33)
§—0 h—1

where (33) is due to Bonferroni inequality (e.g., refer to Kim and Nelson [23]). Note that the
probability of incorrect selection between systems 1 and h, i.e., the probability that system 1 is

eliminated by system h, is

limsup P {system h eliminates 1} = limsup P {Zlh (Tl‘sh) < 0} (34)
0—0 6—0
= P{Ba (Tin) <0} (35)
1 _aa (6]
= T (36)

where (34) denotes the probability that system h eliminates system 1 since Zy;(-) exits the con-
tinuation region through the lower boundary, (35) follows from Lemma 3, and (36) follows from

Fabian’s result in Fabian [12]. Plugging (36) into (33) yields

k—1
o
liminf P {select syst 1Y > 1-— —=1-0.
it {select system 1} > Z 1 !
h=1
For general cases under the 1Z formulation, i.e., 1 —§ > 03 > --- > 0, the stochastic process

Zyp,(+) defined in (27) no longer converges in distribution to the Brownian motion process Ba (:).

However, we can define

_ 1 Ui(mar) + Vi(nar) — Up(mpr) = Va(ry) — (61 — 6 — 6)r
\/Plu% +q1vf + puj; + anvy \/ N9,

By Lemma 1, we know that Zi, () = Ba() as § — 0. Moreover,

Zlh (s)

Zin () < Zwn (), as. (37)
Define fl‘sh as the stopping time at which Zlh(‘) first exits the continuation region A(ihv ie.,

T\fh = inf {s : )Zlh (s)‘ > F‘Eh(s)} .
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Then, the probability of incorrect selection between systems 1 and h is

limsup P {system h eliminates 1} = limsup P {Zlh (Tfh> < 0}

0—0 6—0
< timsup P{Z (},) < 0} (38)
— B {Ba(Tin) <0)
«
= 1 (39)
where (38) follows from (37). Plugging (39) into (33) concludes the proof of the theorem. O

B Fully Sequential Selection Procedures

B.1 TN-like Procedure with CV and CE

We present a TN-like procedure that can employ the CV+CE combined models described in Section
3.2. The variance estimator is computed in the first stage and then fixed in the subsequent stages.
The finite-time statistical validity can be justified by using a similar argument as in Theorem 1 of
Tsai and Nelson [43]. That is, we can guarantee that Pr{select system 1/0; > 62+ d} > 1 —« if any
of the Combined Models I, II, III holds. In the following procedure description, we assume that

Combined Model I holds and use its corresponding notation presented in Section 3.2.1.

TN-like Procedure with CV+4+CE

Step 0. Setup: Select confidence level 1/k < 1—a < 1, IZ parameter § > 0, the preliminary-stage

sample size mg > ¢ + 2, and the first-stage sample size ng > 2. Let a = 21 x (ng — 1), where

2

n:;{[z (1—(1—a)ﬁ)]7n071 —1}-

Step 1. Initialization: Let I = {1,2,...,k} be the set of systems still in contention. For each

system ¢ € I, generate {(Yi;,Ci;,Xy5),7 = 1,2,...,mp} and then compute the estimator
~(1
,@5 )(mo) according to Equation (12). Let r be the observation counter. Set r = ng. For

each system ¢ € I, perform additional independent sampling to generate {(Y;;, Cij, Xij5),j =

mo+1,mp+2,...,mp+no}, and then based on which, compute the controlled sample mean:
1 mo+r 1)
—~ _ 1 ~
:(r) = YV fmo,mo +7) = — 37 [BIYy1Xy) = (BICy X)) — 1) B, (mo)].
Jj=mo+1

For all i # h, calculate the sample variance of the observation difference between any two
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systems, SZ (r), which is analogous to S2 [mg,mo + ] (defined in Equation (9)) with the

application of Combined Model I.

Step 2. Elimination:

Set 1°Md = . Let

. ~ S2 )
I=1°1\ {z e 1°9: 0,(r) — O),(r) < min{O, —% : Sin(no) + 2} for some h € I and h # z} ,
T

where A\ B={z:2 € A and z ¢ B}.

Step 3. Stopping Rule: If |I| = 1, then stop and select the system whose index is in I as the
best. Otherwise, let r = r + 1 and take the rth sample (Y;(m,+r)s Ci(mo+r)» Xi(motr)) from
system i € I. Update @(T) for each system i € I and go to Step 2.

B.2 KN-like Procedure with Variance Updating

KN-like Procedure with Variance Updating

Step 0. Setup: Select confidence level 1/k < 1 — a < 1, IZ parameter § > 0 and the first-stage
sample size ng > 2. Let a = —log [2a/(k — 1)].

Step 1. Initialization: Let I = {1,2,...,k} be the set of systems still in contention. Obtain ngy
outputs X;;,7 = 1,2,--- ,ng, from each system i € I. Let r be the observation counter. Set

T =nyp.

Step 2. Update: Calculate the sample mean of the first r outputs from system ¢
1 T
Xi(r) = ” z;Xij'
]:

For all i # h, calculate the sample variance of the difference between systems ¢ and h,

r

Yy — Xy~ () — T

J=1

Step 3. Elimination: Set I°'d = I. Let

2
1=\ {ie X0 - %) < min fo,-§ - 200

. +§ for some h € I° and h #ip,
) T 2

where A\ B={z:2 € A and z ¢ B}.

44



Step 4. Stopping Rule: If |I| = 1, then stop and select the system whose index is in I as the
best. Otherwise, let » = r 4+ 1 and take the rth sample X, from system ¢ € I, and go to
Step 2.

B.3 TN-like Procedure with Variance Updating

TN-like Procedure with Variance Updating

Step 0. Setup: Select confidence level 1/k < 1—a < 1, IZ parameter § > 0, the preliminary-stage
sample size mo > ¢ + 2, and the first-stage sample size ng > 2. Let a = —log[2a/(k — 1)].

Step 1. Initialization: Let I = {1,2,...,k} be the set of systems still in contention. For each
system ¢ € I, generate {(Y;;,C;;),j = 1,2,...,mp} and then compute the estimator ,@i(mo)
according to Equation (7). For each system ¢ € I, perform additional independent sampling
to generate {(Yi;,Ci;),j =mo+1,mo+2,...,myg+ no}. Let r be the observation counter.

Set r = ng.

Step 2. Update: Calculate the sample mean of the first r outputs (which starts after the prelim-
inary stage) from system i
. _ 1 Mot .
0i(r) = Yi[mo,mo + 1] = — > [Yz‘j —(Cyj — “i)Tﬁi(mO)]'

j=mo+1

For all i # h, calculate the sample variance of the observation difference between any two

systems, SZ,(r) = S [mo, mo + 7] (defined in Equation (9)).
Step 3. Elimination: Set I°'d = J. Let

o a S'Qh(T)

~ )
I =104\ {2 e I°9: 0;(r) — O(r) < min{O, —— . L + 2} for some h € I°9 and h # z}

where A\ B={z:z € A and z ¢ B}.

Step 4. Stopping Rule: If |I| = 1, then stop and select the system whose index is in I as the
best. Otherwise, let 7 = r+1 and take the rth sample (Yi(mOH), Ci(moJrT)) from system ¢ € I,
and go to Step 2.

C Numerical Results for CV4+CE

We investigate the effect of different levels of squared correlations (R%  and R%{,C) on the efficiency

of the 7 N-like procedure presented in Appendix B.1 when using the Combined Models I, II, and III
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and compare them to KN and TN under the slippage and MDM configurations (see Table 9 and 10).
In Combined Model I, we set p = 0.7. Notice that for the MDM configuration fewer observations
from each system are consumed when the number of systems increases since the additional systems
are far from the best (i.e., more easily eliminated). It can be shown that the performance of 7N
is better than KN as long as R?C is greater than or equal to 0.2, although the difference might
not be significant. We can see that the 7N-like procedure applying either Combined Model I or
IT is more efficient than 7N even when the conditional variable is not very effective (i.e., R% X
is large). For instance, when R%,’C = R%(,C = 0.2 and either Combined Model I or II is used,
the 7 N-like procedure (with R% + = 0.8) outperforms 7N in terms of significant reductions in
ANS in all configurations. In addition, under the combined models, the efficiency improvement
when using a better conditional variable is more significant compared to that under Model 0 (with
a better control variable). For example, as shown in Table 9, when k& = 100, R%/, x = 0.8, and
Combined Model I is used, we obtain a 47% reduction in ANS (134 to 71) when Rg(,c is increased
from 0.2 to 0.5, while the ANS reduction is around 36% (199 to 127) for procedure 7N when R%,}C
is increased from 0.2 to 0.5. Further, in some cases employing Combined Model I or IT will achieve
the best efficiency in terms of variance reduction (which cannot be obtained by KN or TN); we
see that the ANS of CV4+CE-I and CV+CE-II is as low as 30 when R%X = 0.2 and R%(,C =0.8.
It should be noticed that ANS = 30 means that the choice of the best system can be made right
after the first-stage observations have been collected because my + ng = 30. We also find that the
T N-like procedure employing either Combined Model I or II can deliver more superior performance
when the value of R%/, y is decreased (or the value of R%@C is increased), which is consistent with
the previous analytical results. For instance, in Table 9, it can be observed that when employing
Combined Model II, k¥ = 100, and R%C = 0.2, the ANS is 159 in the case of R%,’X = 0.8 while
the ANS is reduced to 49 when R% y = 0.2. However, the performance of Combined Model III is
equivalent to that of Model 0 when using the same values of R%C and R?/’ y» which implies that
the benefit of variance reduction from Combined Model III is not guaranteed. In the illustrative
example presented in Section 6, we even find that the use of Combined Model III results in a worse
performance when compared to Model 0. Overall, Combined Model I reveals a better performance
in terms of ANS than Combined Model 11, although Combined Model I is more difficult to apply

in practice.
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Table 9: Performance measures for our CV+CE fully sequential procedures in comparison with

KN and TN under the SC when mg = 10, ng =20, ¢ =1 and 1 — a = 0.95.

| 2 k=30 k=50 k =100
V.o | 7YX X0 pCcS  ANS | PCS  ANS | PCS  ANS

KN 0.96 180 | 0.97 196 | 0.96 205
TN 0.2 0.96 174 [ 096 189 | 0.96 199

0.5 0.99 109 | 0.98 119 | 0.99 127

0.8 0.96 52 | 098 54 | 098 59

CV+CE-I 0.8 02 099 116 | 0.98 121 | 099 134
0.8 05 [099 63 |099 66 | 099 71

0.5 0.5 | 098 42 | 098 44 1 46

0.2 0.8 | 0.98 30 1 30 1 30

CV+CE-II 0.8 0.2 [097 144 | 096 156 | 0.97 159
0.8 05 1 92 [ 0.96 99 | 099 103

0.5 0.5 1 62 | 096 64 | 096 70

0.2 0.2 | 095 46 | 098 48 | 0.96 49

0.2 0.8 | 0.98 30 1 30 1 30

CV+CE-III 0.2 0.96 171 [ 0.96 189 | 0.96 199
0.5 0.99 109 | 0.98 119 | 0.99 127

0.8 0.96 52 | 098 54 | 098 59

Table 10: Performance measures for our CV+4+CE fully sequential procedures in comparison with
KN and TN under the MDM configuration when mg = 10, ng =20, ¢ = 1 and 1 — o = 0.95.

| 72 k=30 k = 50 k =100
V.o | 7YX X0 pCcS  ANS | PCS  ANS | PCS  ANS

KN 1 165 1 125 1 86

TN 0.2 1 155 1 114 1 81

0.5 1 96 1 74 1 57

0.8 1 50 1 45 1 38

CV+CE-I 08 02 [098 94 1 75 1 53

05 0.5 1 43 1099 38 |0.99 36

02 08 | 099 31 1 30 1 30

CV+CE-II 0.8 0.2 1 122 1 96 1 66

05 05 1 58 1 49 1 42

0.2 0.2 1 45 1 41 1 36

0.2 0.8 1 31 1 31 1 31

CV+CE-III 0.2 1 148 1 110 1 81

0.5 1 96 1 74 1 57

0.8 1 50 1 45 1 38
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